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INTRODUCTION

Non-Newtonian fluids play a critical role in various natural and industrial processes, including concrete casting,
petroleum transport, printing, painting, mud flow, and polymer processing. They are also encountered in biological
contexts such as blood circulation and in daily-use products like toothpaste, cosmetics, and foodstuffs. Unlike
Newtonian fluids, their behavior is governed by a nonlinear relationship between shear stress and shear rate [1,2].
Among the different categories of non-Newtonian fluids, viscoplastic fluids occupy a distinct place due to their dual
nature: they behave like solids under low stress but transition into flowing fluids once the yield stress threshold is
exceeded, as seen in substances like toothpaste [3]. The Herschel—-Bulkley model is one of the most widely adopted
frameworks for capturing the complex behavior of viscoplastic materials [4], gaining increasing prominence in both
theoretical and applied research [5,6]. These materials exhibit rigid-like resistance below the yield limit, maintaining
shape without noticeable deformation. However, once the applied stress surpasses this limit, internal restructuring
occurs, resulting in fluid-like behavior. During this transition, the apparent viscosity becomes extremely large as the
deformation rate approaches zero, presenting significant challenges for numerical modeling. To address this issue,
the Papanastasiou regularization technique was introduced [7], which ensures smooth transitions between rigid and
flowing zones. Several studies have explored the impact of its parameters particularly the stress growth exponent m,
which modulates how closely the model approximates ideal viscoplastic behavior. While some authors [8] suggest
ideal behavior as m approaches infinity, others [9] recommend keeping m below 100 to ensure numerical stability
and accuracy. In addition to yield stress effects on effective viscosity [10], high particle concentrations in Herschel -
Bulkley fluids can lead to pasty behavior and the emergence of rigid zones due to interparticle interactions. Various
studies have investigated how flow parameters influence the size and shape of these zones. Mossaz et al. [11,12]
examined the role of the Oldroyd number and power-law index, while other researchers [13] focused on the direct
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relationship between Oldroyd numbers and the formation of unyielded zones. Messelmi [14], through mathematical
analysis, demonstrated that an increase in yield stress promotes the expansion of rigid zones, potentially obstructing
flow entirely.

This study seeks to examine the formation and evolution of rigid zones during the unsteady flow of a Herschel -
Bulkley fluid. It begins by analyzing the influence of yield stress on the time-dependent development of rigid zones,
where a predictive expression is proposed to estimate the rigid area as a function of both yield stress and time. It then
focuses on analyzing how key the consistency index influences both the growth and stabilization of rigid zones.
Special attention is given to establishing predictive relationships for the rigid area and the stagnation time as
functions of the consistency index. Additionally, the study investigates how variations in yield stress and inlet
pressure affect the dynamics of rigid zone development over time, offering insights into controlling the spatial and
temporal extent of these zones for more accurate modeling of viscoplastic flows.

The organization of this paper is as follows: Section 2 outlines the formulation of the studied problem. In Section 3,
the governing mathematical equations are detailed along with the regularization parameters adopted in this work.
Section 4 covers the validation process of the numerical simulations as well as the mesh sensitivity analysis. Section
5 is dedicated to the presentation and discussion of the results. Finally, the paper ends with concluding remarks.

OBJECTIVES

The objective of this study is to investigate the formation and temporal evolution of rigid zones in fresh concrete flows
modeled as a Herschel-Bulkley fluid. Emphasis is placed on understanding how variations in the yield stress
influence the initiation and expansion of these zones during flow, and how the consistency index affects their growth
and stabilization over time. Numerical simulations are conducted using COMSOL Multiphysics 6.0 in a two-
dimensional domain under unsteady-state conditions. The effect of inlet pressure on the viscoplastic response is also
analyzed, particularly its role in suppressing rigid zone formation and promoting power-law behavior at higher
values. In addition, the study proposes predictive mathematical expressions for estimating the rigid zone area and
stagnation time as functions of rheological parameters and pressure. These objectives aim to provide deeper insights
into the mechanics of viscoplastic flow and offer practical tools for predicting and optimizing flow behavior in
construction and industrial processes.

METHODS

This study focuses on the evolution of rigid zones within an unsteady, laminar, and isothermal flow of a Herschel -
Bulkley fluid. In this context, fresh concrete is modeled as a Herschel—-Bulkley material characterized by the following
rheological parameters [15]: density density of p = 1370 kg/m3, consistency coefficient k = 2.42 Pa.s™, flow
behaviorindex n = 0.552, and a yield stress 7, = 5 Pa. The simulation is conducted in a two-dimensional square plate
domain, as illustrated in Figure 1, using COMSOL Multiphysics 6.0. The flow is driven by an inlet pressure of p;, =
20 Pa. Boundary conditions include a no-slip condition on the walls and a zero-velocity assumption at the outlet.
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Fig. 1. Geometry of the flow domain.
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The behavior of the flow is described by the continuity and momentum equations, which are expressed in sequence
as follows:

V.U=0 (1)

U
Pt p(UV)U = V[-pl+T]+f (2)
In the case of a Newtonian fluid, the shear stress is defined by the relation 7 = 2uy , where u represents the constant

viscosity. On the other hand, for a viscoplastic fluid, the shear stress is described by the Herschel -Bulkley (HB)
model, formulated as follows [16]:

— cIn—1 T_y .
{T (kly™* + P )y iflt| >, @)
[yl =0 iflz] <7,
Where, 7, is the yield stress, y is the shear rate tensor, and |y | is its magnitude. The following relations give the shear
rate:

y = 2 [VU + (V)] 4)

vl =v2 y:y (5)

According to the Herschel-Bulkley viscoplastic model, the fluid exhibits two different behaviors depending on the
level of applied stress. If the stress exceeds the yield threshold, the material flows and behaves in a pseudo-plastic
manner. However, when the applied stress is below the yield limit, the fluid does not deform and acts as a rigid solid.
In such cases, the apparent viscosity becomes extremely large, tending to infinity as the shear rate approaches zero,
ie., )l/lir(l) u(y) = o [17,18]. This behavior leads to the appearance of rigid zones whose size, shape, and location change

over time. These zones are mathematically defined by the condition where the shear rate is zero [14].
Q ={xeqt>0:y(U(x.y.t))| = 0} (6)

When the shear rate approaches zero, the constitutive formulation of the Herschel-Bulkley fluid encounters a
singularity, which presents significant challenges for numerical modeling. To address this issue, several
regularization techniques have been proposed in the literature to smooth out the discontinuity and ensure
computational stability [19, 20, 21]. In the present study, the regularization approach proposed by Papanastasiou is
employed, leading to a modified form of the Herschel-Bulkley equation as used in previous works [7, 22].

T=kly|" " + |Ty_y|[1 —e MMy (7

and the viscosity takes the formula:
KO = klyI™t 4+ 21— ] ®

As previously outlined in the introduction, the regularization parameter m, often referred to as the stress growth
exponent, controls how closely the Herschel-Bulkley model approximates the ideal viscoplastic behavior. In this
investigation, a value of m = 10 s is selected. Another key factor in the regularized formulation is the critical shear
rate y,, which plays a crucial role in determining the extent and position of rigid zones. Drawing on insights from
earlier studies, this parameter is set to y, = 1073s~! [23]. Within this regularization framework, rigid zones are
identified as zones where the local shear rate y “is less than or equal to the critical value, i.e.,y <y, [8]. Consequently,
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the rigid zones can be mathematically characterized using this criterion.
VALIDATION AND GRID STUDY

Verifying the accuracy of the steady-state solution is essential, as it forms the foundation for simulating time-
dependent flows. To ensure its reliability, the velocity field predicted by CFD simulations was assessed against exact
analytical solutions derived from theoretical analysis. Let us consider a flow confined within a rectangular domain
defined by Q = [0; L] x [0; H], where the fluid moves with a constant horizontal velocity. The dimensionless horizontal
velocity component is denoted by ux, leading to a velocity field expressed as U = Vux(y)e x, where V represents a
characteristic velocity. The analytical expression for this type of flow is provided in the following equation (Eq. 10)
[24].

G- ()" oy

u=—f vo)" if yo< y< (10)
=y I fyo<y<H-=1y
M M
Yo y—(H—yo)) :
Yo" _ —y, <y <
() - (=) sy =y
1, fHLX _H . . . . H 1y
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Fig. 2 Comparison of velocity magnitude predicted numerically with the theoretical velocity profiles.

The analytical solution for the horizontal velocity component was compared against the numerical results obtained
at the midline x = H/2, using COMSOL Multiphysics 6.0. Both profiles are illustrated in Figure 2, and the strong
agreement between them confirms the validity of the numerical approach employed.

To maintain a high level of accuracy in the simulation, particular attention was given to the mesh design. A structured
mapped mesh was utilized, and four different mesh densities were evaluated to identify the most suitable
configuration. Figure 3 presents the axial velocity distribution for the four mesh cases along the direction of flow.
The comparison shows a notable convergence between the results from Grid-3 and Grid-4. Consequently, Grid-3 was
selected for the entire set of simulations used throughout this study, balancing computational efficiency with reliable
numerical precision.
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Fig. 3. Axial velocity profiles for different mesh sizes corresponding to Grid-1 (1500 elements), Grid-2 (9750
elements), Grid-3 (10500 elements), and Grid-4 (34034 elements).

RESULTS
EFFECT OF YIELD STRESS ON TEMPORAL GROWTH OF RIGID ZONES

To better understand the temporal evolution of rigid zones under different yield stress conditions, a 3D plot was
constructed to visualize the rigid zone area as a function of both time and yield stress.
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Fig.4. 3D Representation of the evolution of rigid zone area over time for various yield stress values.

Figure 4 presents a three-dimensional surface plot illustrating the evolution of rigid zone areas over time for varying
values of yield stress, under conditions where the fresh concrete is already in motion that is, after surpassing its yield
stress and entering the flow state. At the initial yield stress of 5 Pa, rigid zones are virtually absent, indicating that
the material is fully fluidized and flowing as expected during casting operations. However, as the yield stress is
progressively increased, rigid zones begin to emerge within the flowing concrete. This finding is critical: although the
material is already in a flowing state, the increase in yield stress causes the formation of rigid-like regions during the
flow. These zones not only appear earlier in time with higher yield stress values, but also grow more rapidly and

occupy a larger portion of the domain. At a yield stress of approximately 100 Pa, the material approaches near-
complete solidification over the studied time window, despite being in a state of flow.
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To complement the qualitative insights derived from the 3D plot, a linear regression fitting was performed using the
simulation data. The resulting empirical model expresses the rigid zone area 4,;45;4 as a function of time t and yield
stress 7, :

Arigia = Zo + at + bt,, an
Where z,, a and b are empirical constants derived from curve fitting.

To further support the trends observed in the 3D plot, Figure 5 presents a series of visual snapshots illustrating the
spatial evolution of rigid zones for various yield stress values. In each case, two key moments were captured: the
initial time, when the first signs of solidification appear, and the final time corresponding to the steady-state
configuration of the rigid zones.

These visualizations reveal a consistent solidification mechanism: a central rigid nucleus forms near the middle of
the flow domain, while another rigid zone simultaneously begins to emerge near the inlet boundary. As time
progresses, the central nucleus grows and merges with the rigid zone at the inlet, forming a continuous rigid structure.
This process becomes more pronounced with higher yield stress values, aligning with the 3D curve which shows
increased rigid zone area over time.
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Fig 5. Scenario of rigid zone formation with time for various yield stress values.

INFLUENCE OF CONSISTENCY COEFFICIENT ON THE FORMATION OF RIGID ZONES

To investigate the influence of the material’s rheological properties on the formation of rigid zones during flow, the
variation of the rigid zones area with respect to the consistency coefficient k was analyzed. The consistency coefficient
represents the resistance of the fluid (in this case, fresh concrete) to flow under shear, and its variation is expected to
directly affect the flow regime and internal structuring.
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Fig. 6. Evolution of rigid zone area with consistency coefficient at the stagnation point.

The results displayed in Figure 6 reveal a clear nonlinear increase in the area of rigid zones as the consistency
coefficient increases. At low values of K, the area remains negligible, indicating that the fluid maintains its ability to
deform and flow homogeneously. However, as k increases beyond a critical threshold (approximately 40 Pa.s™), the
area of rigid zones begins to grow significantly. This growth becomes more pronounced at higher values of k,
indicating a progressive transition from a fully flowing regime to a partially or even fully stagnant flow configuration.
This evolution was quantitatively captured by fitting a mathematical relationship to the data points, leading to the
following expression:
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Ayigia = aln(=bin(k)) (12)

Where a, b are empirical constants derived from curve fitting. The strong correlation between the model and the
numerical results confirms the deterministic influence of K on the solidification process.

To support this behavior, Figure 7 presents the spatial evolution of rigid zones for each studied value of K. These
images clearly show how rigid zones initiate at low shear zones primarily near domain boundaries and in flow cores
and expand with increasing K.
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Fig.7. Evolution and localization of rigid zones under varying consistency coefficient.

To gain deeper insight into the evolution of rigid zones in fresh concrete under varying rheological properties, a
combined analysis was performed by plotting the stagnation time as a function of both the rigid zone area and the
consistency coefficient.
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Fig.8. Variation of stagnation time with consistency coefficient in the formation of rigid zones.

The results, illustrated in Figure 8, reveal a distinct behavior: as the consistency coefficient increases, the area of
the rigid zones expands considerably, while the stagnation time the moment at which these rigid zones stop growing
decreases significantly. This trend reflects the fundamental influence of material resistance to deformation on both
the spatial and temporal development of rigid zones.

To describe this behavior quantitatively, an empirical model was extracted from the curve, expressing the
stagnation time as a function of the rigid zone area. This relationship is given by:

tw =c(1+ Arigid)q (13)

where c, q are empirical constants derived from curve fitting. This equation highlights that the evolution of stagnation
time is strongly influenced by the extent of solidified zones and allows predictive estimation of flow arrest times based
on material parameters.
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INFLUENCE OF YIELD STRESS AND APPLIED PRESSURE ON THE TEMPORAL EVOLUTION OF RIGID

ZONES

To investigate the effect of both yield stress and applied pressure on the evolution of rigid zones, the curves
representing the area of these zones as a function of time were analyzed under three different values of yield stress.
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Fig. 9. Evolution of the rigid zone area over time for different pressure values at yield stress z,, = 10,50, and
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Figure 9 clearly demonstrates that the behavior of the concrete significantly varies depending on the values of the
yield stress Ty and the applied pressure p. For 7, = 5 Pa, the rigid zones occupy relatively small areas and exhibit
high sensitivity to changes in pressure. It is observed that the largest rigid area forms at the lowest pressure (p =
1 Pa), and it gradually decreases as the pressure increases, almost vanishing at p = 30 Pa. This indicates that at low
yield stress, the material is more prone to flow, and even moderate pressures are sufficient to exceed the yield stress
throughout most of the domain. At z, = 50 Pa, rigid zones begin to appear more extensively and remain noticeable
even at intermediate pressures. However, the same trend is observed again: lower pressure favors the formation of
rigid zones, while higher pressure limits their spread. A significant difference arises, however, in that the
solidification becomes more resistant to pressure, reflecting a shift in the material’s behavior toward greater rigidity.
At 7,100 Pa, an almost complete solidification is observed, with large rigid zones persisting even under the highest
applied pressure (p = 30 Pa). In this case, the applied pressure is insufficient to generate stress that exceeds the
yield threshold in most of the domain, resulting in the formation of wide and stable rigid zones over time.

Based on the curve corresponding to the yield stress threshold of 7, = 50 Pa, an empirical equation was derived to
estimate the area of rigid zones as a function of time and applied pressure. This curve was chosen for its representative
nature, capturing both the transitional and steady-state behavior of the material. The resulting equation provides a
practical tool for predicting the rigid zones over time under various pressure conditions.

G
L)1+ M)

ATigid =zZ+ ( (14)

Where Z, G, ], F and M are empirical constants derived from curve fitting.
DISCUSSION

Figure 4 explains this phenomenon can be interpreted by recognizing the role of yield stress in resisting
deformation. While a low yield stress enables the concrete to flow freely, higher values even once exceeded can hinder
the internal flow of the mixture, especially in areas of low local shear. These under-sheared regions act as if they have
not fully yielded, forming rigid zones that grow with time due to limited internal mobility and increased cohesion
within the material structure.

These results highlight the significant influence of the yield stress parameter in determining whether fresh concrete
remains fluid during casting or begins to prematurely solidify. While flow may initiate at a low threshold, increasing
the yield stress can reintroduce rigid-like behavior that contradicts the expected fluid performance. Therefore, in
both numerical modeling and practical mix design, yield stress must be carefully controlled to prevent unwanted
rigid zone formation during flow, ensuring uniform and continuous casting without structural defects or flow
blockages.

Complementing this interpretation, Figure 5 provides spatial insight into how these rigid zones develop and evolve.
It reveals that solidification begins with the nucleation of a central rigid nucleus, followed by the emergence of a
secondary rigid zone near the inlet. As time progresses, the central nucleus expands and eventually merges with the
inlet zone, forming a continuous solidified structure. These spatial observations provide a physical interpretation of
the numerical results: the nucleation in the central region and subsequent expansion toward the inlet reflect a
dynamic interaction between stress thresholds and local flow resistance. This confirms that yield stress not only
governs the quantity of rigid zones, but also controls their spatial distribution and evolution throughout the domain.

Following the insights drawn from the yield stress parameter, attention turns to the role of the consistency coefficient
k in shaping the formation and progression of rigid zones. Figure 6 illustrates this behavior, showing that when k is
small, particles remain dispersed and mobile, allowing the mixture to deform easily under shear. However, higher
values of k introduce increased internal friction and resistance to flow. Under these conditions, inter-particle forces
such as van der Waals attractions and colloidal adhesion begin to dominate, promoting the aggregation of particles
into more stable, rigid-like structures.
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This phenomenon becomes particularly apparent in regions where the shear rate is inherently low such as near the
domain boundaries or in the central core of the flow field. In these under-sheared areas, the inability of the applied
shear to overcome internal cohesion results in the emergence of persistent rigid zones. As k increases, these zones
not only appear earlier but also grow and merge more rapidly, ultimately leading to quasi-complete solidification of
the domain at high k values.

These findings align well with the previous discussion of yield stress: both parameters independently and
synergistically influence the rheological behavior of fresh concrete during flow. While yield stress dictates the
threshold for initiating flow and maintaining deformation, the consistency coefficient governs the ease with which
the material continues to deform once flow has started. Together, they shape the temporal and spatial dynamics of
rigid zone formation. This interplay emphasizes the importance of carefully selecting both rheological parameters
during mix design, as excessive values of either can impede casting performance and result in premature flow
stoppage or non-uniform solidification, ultimately compromising the quality of the final structure.

This behavior is further clarified in Figure 7, which visually depicts the expansion of rigid zones with increasing
consistency coefficient k. The emergence and growth of these zones can be attributed to enhanced particle clustering
and internal friction, which inhibit flow and promote microstructural buildup. These rigid networks tend to nucleate
in low-shear regions and gradually extend throughout the domain as k increases. This pattern underscores the strong
influence of rheology on flow resistance and premature solidification, highlighting the need to balance consistency
for effective casting without inducing flow blockages or defects.

This trend is further quantified in Figure 8, which highlights the influence of the consistency coefficient on the
stagnation time the period required for rigid zones to stabilize.

In highly viscous materials (with larger consistency coefficients), the resistance to shear deformation increases. This
enhanced resistance promotes the early formation of rigid zones, as the flow becomes more inhibited.
Microscopically, this behavior can be attributed to the interaction and clustering of suspended rigid-like particles. At
rest, these particles are randomly oriented in their minimal energy configuration. Under flow, especially when the
fluid exhibits high consistency, the particles begin to align or aggregate, resulting in localized solidification. These
rigid zones tend to first appear near the walls forming stagnation zones and then extend toward the interior, creating
core-like structures. This was previously observed in the contour images where rigid zones emerged both near
boundaries and at the center of the domain.

As the consistency increases, these rigid structures form more rapidly, and their growth reaches a steady state in a
shorter time. This explains the sharp decrease in stagnation time with higher consistency coefficients. Consequently,
not only do rigid zones become more extensive, but they also develop and stabilize much faster, suggesting a strong
inverse relationship between fluid mobility and structural resistance.

Moreover, the results shown in Figure 9 further elucidate the role of applied pressure in conjunction with yield
stress in controlling the development and collapse of rigid zones. From a physical standpoint, these results can be
interpreted in light of the properties of the Herschel-Bulkley fluid, for which the local stress must exceed the yield
stress 7, to initiate flow. When the applied pressure is low relative to the yield stress, rigid zones emerge and gradually
expand as the flow develops. Initially, solidification grows slowly, then progresses in a pseudo-linear manner with
time until reaching a maximum area where it stabilizes. At higher yield stress values, the rigid zones tend to remain
stable under low pressure and only begin to shrink when the applied pressure becomes high enough to overcome the
yield threshold, as observed when transitioning from z,, = 5 Pa to t,, = 100 Pa. This behavior highlights that, when
the applied pressure exceeds the yield stress, the Herschel-Bulkley fluid begins to behave similarly to a power-law
fluid, wherein the rigid zones completely collapse and the flow becomes more uniform and widespread.

Therefore, the extent of rigid zone breakdown depends on the magnitude of the applied pressure: the higher the
pressure, the greater the deformation and the more the rigid zones diminish, enhancing the fluid's capacity to flow.
Conversely, higher yield stress values require correspondingly higher pressures to trigger flow initiation. This implies
that the interactive relationship between 7, and p plays a crucial role in governing the flow behavior and the
distribution of rigid zones, underscoring the significant impact of these two parameters in controlling the rheological
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behavior of fresh concrete during casting or mold filling.

CONCLUSION

In this numerical investigation, the flow behavior of fresh concrete was studied using the Herschel -Bulkley model
with Papanastasiou regularization under unsteady-state conditions within a two-dimensional plate domain. The
analysis focused on the development of rigid zones, which appear once the local stress surpasses the yield stress
threshold during flow. The study began with a validation step, in which the numerically computed horizontal velocity
profile under steady-state conditions was compared against an analytical velocity distribution derived from
theoretical formulations. This comparison allowed for an assessment of numerical accuracy. Subsequently, the study
examined the effect of yield stress on the temporal evolution of rigid zones. It was found that low yield stress values
resulted in minimal or nearly absent solid regions, while higher values led to an earlier onset and more pronounced
growth of rigid zones over time. At sufficiently high yield stress levels, complete solidification of the domain was
observed. A mathematical expression was derived to predict the rigid zone area as a function of yield stress and time,
providing a quantitative basis for anticipating the onset and progression of solidification during flow. The
investigation further revealed that increasing the consistency index results in a noticeable expansion of these rigid
zones. A separate mathematical relationship was formulated to predict the rigid zone area as a function of the
consistency index. Additionally, an expression was developed to determine the stagnation time defined as the
moment when the rigid zone area reaches a steady state based on both the consistency index and the rigid area. The
effect of applied pressure on the temporal evolution of rigid zones was also explored across different yield stress
values. It was observed that lower pressure levels favor the persistence of rigid zones, whereas higher pressures
promote a transition toward power-law fluid behavior, thereby diminishing solidification. For a representative
scenario with a yield stress of 50 Pa, a mathematical correlation was derived to estimate the rigid zone area as a
function of both pressure and time.

To ensure accurate and physically consistent outcomes, this study underscores the necessity of carefully tuning the
rheological parameters and boundary conditions. The derived predictive expressions offer valuable tools for
quantifying the spatial and temporal evolution of rigid zones, contributing to enhanced control strategies in concrete
casting processes and other applications involving viscoplastic fluids.
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