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1. Introduction:

The concept of fuzzy sets, introduced by Zadeh [24] in 1965, has transformed various scientific and engineering
applications. Fuzzy sets are functions from a non-empty set X to [0, 1], enabling the modeling of uncertainty and
imprecision. Building upon this concept, Kramosil and Michalek [9] introduced fuzzy metric spaces, which were later
modified by George and Veeramani [5] to include the Hausdorffness property.

The fuzzy fixed point theory, initiated by Grabiec [7] in 1988, has undergone significant developments.
Grabiec introduced G-Cauchy sequences and G-complete fuzzy metric spaces, providing a fuzzy metric version of
Banach's contraction principle. Subsequent research has led to numerous fixed point results in fuzzy metric spaces.

However, the concept of G-completeness has been found to be somewhat restrictive, as even the set of real
numbers is not complete in this sense. To address this limitation, George and Veeramani [ 5] modified the definition
of fuzzy metric spaces and M-Cauchy sequences, introducing a Hausdorff topology in their new framework.
Extending the foundational work of Gregori and Sapena [8], Mihet [14] made significant contributions to the field in
2008. Specifically, Mihet expanded the scope of fuzzy contractive mappings and established a fuzzy Banach
contraction principle for complete non-Archimedean fuzzy metric spaces, adhering to the framework developed by
Kramosil and Michalek.

In recent years, researchers have explored the intersection of fuzzy metric spaces and relation-theoretic fixed point
theory. Turinici [23] initiated this line of inquiry, which gained momentum with the contributions of Ran and
Reurings [19] and Nieto and Lopez [15,16]. These authors equipped the contractive condition with an ordered binary
relation, providing new versions of Banach's contraction principle.

This research builds upon the foundational work presented in the paper by Samera M. Saleh, Waleed M.
Alfaqih et. al [22] in 2022. The authors' innovative relation-theoretic fixed point theorems in fuzzy metric spaces
have inspired our investigation into extending these results to the more general framework of intuitionistic fuzzy
metric spaces. By leveraging their insights and methodologies, we aim to provide new theoretical results and
applications in the context of intuitionistic fuzzy metric spaces.

Copyright © 2024 by Author/s and Licensed by JISEM. This is an open access article distributed under the Creative Commons Attribution License which
permitsunrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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This paper extends the existing results on fuzzy metric spaces to the more general framework of intuitionistic
fuzzy metric spaces. By incorporating both membership and non-membership functions, intuitionistic fuzzy metric
spaces offer a more refine and flexible approach to modeling uncertainty. Our research builds upon the foundation
established by the aforementioned authors, providing new insights and results in the context of intuitionistic fuzzy
metric spaces.

2. Preliminaries:

“Definition 1([9]): A continuous t-norm = is a continuous binary operation =:[0,1] x [0,1] — [0,1] which is
commutative and associative and it satisfies the following properties:

1) txl=t vt € [0,1].
(1) t*s <uxvwhenevert <uands < vVts,uve[01].

Some well-known examples of continuous t-norm include: t *s = min{t,s}, t*s =ts, and t*s = max{t +s —
1},vt,s € [0,1].

Kramosil and Michalek [9] defined fuzzy metric spaces as under.

Definition 2([9]): Consider M as a fuzzy set on X2 x [0, ) and * a continuous t-norm. Assume that V x,y,z € X
and t,s > 0:

(KMi) M(x,y,0) = 0.

(KMii) M(x,y,t) = 1iff x = y.

(KMiii) M(x,y,t) = M(y, x, t).

(KMiv) M(x,y,t) * M(y,z,s) < M(x,z,t +s).

(KMv) M(x,y,.):[0,00) - [0,1] is left continuous.

Then (X, M,*) is called a fuzzy metric space (Kramosil and Michalek’s sense).

Definition 3([14]): Consider M as a fuzzy set on X2 X [0, ) and * a continuous t-norm. Assume that vV x,y,z € X
and t,s > 0:

(NMi) M(x,y,0) = 0.

(NMii) M(x,y,t) =1iff x =y.

(NMiii) M(x,y,t) = M(y, x,t).

(NMiv) M(x,y,t) * M(y,z,s) < M(x, z, max{t, s}).

(NMv) M(x,y,.):[0,0) — [0,1] is left continuous.

Then (X, M,*) is called a Non-Archimedean fuzzy metric space.

It can be verified that the triangular inequality (NM-iv)o implies (KM-iv). This indicates that every non-Archimedean
fuzzy metric space is itself a fuzzy metric space.

In general, the topology of a fuzzy metric space, as defined by Kramosil and Michalek, is not Hausdorff. To address
this, George and Veeramani [5,6] made slight modifications to the definition of fuzzy metric spaces, ensuring that the
topology of the newly defined fuzzy metric space is Hausdorff.

Definition 4([5,6]): Consider M as a fuzzy set on X? X [0, ) and * a continuous t-norm. Assume that vV x,y,z € X
and t,s > 0:

(GVi) M(x,y,0) > 0.

(GVii) M(x,y,t) = 1iff x = y.

(GViii) M(x,y,t) = M(y, x, t).

(GViv) M(x,y,t) * M(y,z,5) < M(x,z,t +5).
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(GVv) M(x,y,.): (0,0) - [0,1] is left continuous.
Then (X, M,*) is defined as a fuzzy metric space in accordance with George and Veeramani’s concept.
Remark 1 ([5]): The topology associated with a fuzzy metric space, as defined in Definition 4, is Hausdorff.

Remark 2 ([5]): Each fuzzy metric space as defined in Definition 4 is also a fuzzy metric space according to
Definition 2, though the reverse is not generally true.

Remark 3 ([9]): Forall x,y € X, M(x, y,.) is a non-decreasing mapping.
Definition 5 ([5,6,71): Let M(x, y,*) be a fuzzy metric space. A sequence {x, } € X is said to be

1. Convergent to x € X if lim M(x,y,t) =1 Vt > 0, in this case we write lim x,, = x.
n—oo

n—-oo

ii. Cauchyif Ve > 0and ¢ > 0,3N € N satisfying M(x,, x,4,,t) > 1 —¢V¥n >N and p € N,,.
Let (X, M,x) be a fuzzy metric space. If every Cauchy sequence in X is convergent in X, then X is said to be complete.
Lemma 1 ([19]): If M(x, y,*) is a fuzzy metric space, then M is a continuous function on X2 X (0, «).

Definition 6([18]): If M(x,y,*) is a fuzzy metric space. Then the mapping M is said to be continuous function on
X2 x (0, ) if

lim M (x,, Y, tn) = M(x,y,t)
n—-oo
Whenever {(x,, v,., t,)} is sequence in X2 X (0, ) which converges to a point (x,y,t) € X? X (0, ©), i.e.

lim M(x,,x,t) = lim M(y,,y,t) = 1 and lim M(x,y,t,) = M(x,y,t).
n—-oo n—-oo

Roldan-Lépez-de-Hierro [19] defined a comparison function : [0, 1] — [0, 1] which satisfies

A. The function v is non-decreasing and left continuous.
B. y(t) <tforallt e (0,1);
C. ¥()=0.

Let ¥ represent the set of all such functions .

For instance, consider W(t) = t2 for all t € [0,1]. It is important to note that, according to the previous definition, the
condition (1) = 1 does not necessarily hold true.

Remark 4([21]): Let ¢ € ¥.

@ Y@<t vte]lo1].
(i) Ify(ty) = t, for some t, € (0,1], then t, = 1.
(iii) If {t,} c [0,1] and ¥ (t,) — 1,thent, - 1.

Definition 7([17]): Let M and N be fuzzy sets on X2 x (0, ), * is a be a continuous t-norm and ¢ is a continuous t-
conorm. If M and N satisfy the following conditions we say that (M, N) is intuitionistic fuzzy metric on X:

(IFM1) M(x,y,t) + N(x,y,t) < 1
(IFM2) M(x,y,t) > 0

(IFM3) M(x,y,t) = 1ifand only if x = y.
(IFM4) M(x,y,t) = M(y,x,t)

(IFM5) M(x,y,t) * M(y,z,8) < M(x,z,t +s)
(IFM6) M(x,y,.): (0,0) — (0,1] is continuous.
(IFM7) N(x,y,t) < 1

(IFM8) N(x,y,t) = 0if and only if x = y.
(IFM9) N(x,y,t) = N(y, x,t)

(IFM10) N(x,y,t) O N(y,z,5) = N(x,z,t +5)
(IFM11)N(x,y,.): (0,0) = (0,1] is continuous



35 J INFORM SYSTEMS ENG, 10(16s)

A five tuple (X, M, N,*,0) intuitionistic fuzzy metric space. The functions M(x, y, t) and N(x, y, t) denote the degree of
nearness and the degree of non-nearness between x and y with respect to t, respectively.

Definition 8([17]): Let (X, M, N,*,0) be an intuitionistic fuzzy metric space and t > 0, r € (0,1) and x € X. The set
B, (r,t)

B,(r,t) ={ye X: M(x,y,t) >1—1, N(x,y,t) <1}
The set B, (7, t) is said to be an open ball with center x, radius r with respect to t.
Definition 9([17]): Let (X, M, N,*,0) be an intuitionistic fuzzy metric space and {x,,} € X be sequence

i. {x,} is called convergent to x if for all t > 0 and r € (0,1) there exits n, € N such that M(x,,x,t) > 1 —
r,N(x,, x,t) > rforalln = ny. (M(x,,x,t) > 1 &N (x,,x,t) > 0asn — o for each t > 0).
It is denoted by x,, » x asn — oo,
ii.  {x,} is called Cauchy sequence if for t > 0 and r € (0,1) there exists n, € N such that M(x,,x,,, t) >1—
r, N(x,, X, t) > r forall n,m = n,.
ii. (X, M, N,%,0) is called (M, N) complete if every Cauchy sequence is convergent.

Definition 10: Let M and N be fuzzy sets on X% x (0,), * is a be a continuous t-norm and ¢ is a continuous t-
conorm. If M and N satisfy the following conditions we say that (M, N) is non- archimedean intuitionistic fuzzy metric
on X:

(IFM1) M(x,y,t) + N(x,y,t) <1
(IFM2) M(x,y,t) > 0

(IFM3) M(x,y,t) = lifand only if x = y.
(IFM4) M(x,y,t) = M(y,x,t)

(IFM5) M(x,y,t) * M(y, z,s) < M(x, z, max{t, s})
(IFM6) M(x,y,.): (0,0) — (0,1] is continuous.
(IFM7) N(x,y,t) < 1

(IFM8) N(x,y,t) = 0ifand only if x = y.
(IFM9) N(x,y,t) = N(y, x,t)

(IFM10) N(x,y,t) ¢ N(y,2,s) = N(x, z, min{t, s})
(IFM11)N(x,y,.): (0,00) — (0,1] is continuous

A five tuple (X, M, N,*,0) non-archimedean intuitionistic fuzzy metric space. The functions M(x,y,t) and N(x,y,t)
denote the degree of nearness and the degree of non-nearness between x and y with respect to t, respectively.

Here, we recall some fundamental concepts in relation theory.

Definition 11([12]): A subset R of X2 is defined as a binary relation on X. If (x, y) € R (alternatively, we may write
xRy instead of (x,y) € R, then we state that “x is related to y under R". If either xRy or yRx, we denote this as [x, y] €
R.

Note that X? is a binary relation on X known as the universal relation. In this context, X refers to a non-empty set,
and R denotes a non-empty binary relation on X.

Definition 12([12,13]): A binary relation R on a non-empty set X is characterized as follows

(i) Reflexive if xRx, Vx € X.

(ii) Transitive if xRy and yRz imply xRz, Vx,y,z € X.

(iii) Antisymmetric if xRy and yRx imply x = y,Vx,y € X.

(iv) partial order if it is reflexive, antisymmetric and transitive.

(v) completeif [x,y] € RVx,y € X.

(vi) f-closedif (x,y) € R = (fx, fy) € R,Vx,y € X, where f: X —» X is a mapping.
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Definition 13([2]): Consider X as a non-empty set and R as a binary relation on X. A sequence {x,} c X is termed
an R-preserving sequence if (x,, x,,41) € R, Vn € N.

In a recent work, Alfaqih et al. [3] introduced a relation-theoretic perspective for the fuzzy version of the Banach
contractive principle. The authors developed relation-theoretic variations of several fuzzy metrical concepts as
described below.

Definition 14([3]): A binary relation R on X is considered M-self-closed if for any convergent R-preserving
sequence {x,} c X that converges (in the fuzzy sense) to some x € X, there exists a subsequence {xnk} c {x,} such
that (xnk,x) ER.
Example 1([3]): Let X = (0,4] and * be the product t-norm defined by t * s = ts, Vt,s € [0,1]. Define M forall x,y €
Xandt > 0.

0, ift=0

M(x,y,t) = 2t

—if t#0
2t + |x — y| i

Define R on X as follows
R ={(1,1),(1,2),(2,1),(2,2),(1,4), (2,4)}

Note that if {x,}is an R-preserving sequence converging to some x € X, then there exists N € N such that either x,, =
1, vn = N or x,, = 2, Vn = N. Consequently, {xy.;};ey iS a subsequence of {x,} with xy,;Rx for each i € N. Thus, R
is M-self closed.

Definition 15: A sequence {x,} is termed R-Cauchy if x,,Rx,,,, for all n € N, and for all € > 0, there exists n, € N
such that vt > 0

M(xp, xp4pt) >1—¢,  Vn=N,p>N,

Remark 5: Any given Cauchy sequence can be considered an R-Cauchy sequence for any arbitrary binary relation
R. The concepts of R-Cauchyness and Cauchyness align when R is defined as the universal relation.

Definition 16([22]): A fuzzy metric space (X, M, ) with a binary relation R is described as R-complete if each R-
Cauchy sequence converges within X.

Remark 6: Any complete fuzzy metric space is also an R-complete fuzzy metric space for any arbitrary binary
relation R. When R is considered as the universal relation, R-completeness and completeness are equivalent.”

This paper introduces the concept of intuitionistic fuzzy R — ¥ contractive mappings and presents several significant
findings regarding the existence and uniqueness of fixed points for these mappings within the framework of non-
Archimedean intuitionistic fuzzy metric spaces (as defined by Kramosil and Michalek as well as George and
Veeramani). These findings extend and generalize the results from previous works [6,19]. Additionally, we provide
illustrative examples to support our findings. In the final section, we apply our fixed point results to establish the
existence and uniqueness of solutions for Caputo fractional differential equations.

3. Main Results:
Our primary section begins with a lemma that will be crucial in proving our main results.

Lemma 2: Consider a function h:I — I and transitive binary relation R that is h-closed. Suppose there exists an g, €
I such that gyRhq, and define a sequence {q,,} € I by q,, = hq,_; Vn = N,. Then

qmRq, Ym,n € Ny with m < n. (D

Definition 17: Consider (I,P,Q,t, 1) as a non-Archimedean intuitionistic fuzzy metric space. Let R be a binary
relation on I and h: 1 — I. We define h as a intuitionistic fuzzy R — ¢ contractive mapping if there exist ¢ € Q such
that vV q,p € I,t > 0 with gRp.

P(q,p,t) > 0 = min{P(q,p, t), max{P(hq,q,t), P(p, hp,t)}} < (P (hq, hp,1)). 2
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Q(q,p,t) < 1= max{Q(q,p,t), min{Q(hq,q,1), Q(p, hp, )}} = ¢(Q(hq, hp, 1)). 3)
This illustrates a KM-fuzzy R — p—contractive mapping.

Example 2: Consider I = [0, ) and let 7 be the product t-norm given by 7(¢t, s) = ts and t-conorm u(t,s) =t+s —
ts, Vt,s € [0,1]. Define

0 ift=0

= t
Pap.t) {(m) lg—pl ift#0
1 ift=0

= 1
¢a.p.t) [(1—+t)lq—pl ift#0

Let h: 1 — I defined as
hz{q/g. if q €[03]
Uy, ifaeE o
Define binary relation R on I as qRp © q,p € [0,3],q < p and ¢:[0,1] - [0,1] by ¢(t) = t2.
Then h is intuitionistic fuzzy R — ¢ — contractive mapping.
We are now prepared to present and demonstrate our primary result as follows.

Theorem 1: Consider (I, P, Q, 7, ) to be a non-Archimedean intuitionistic fuzzy metric space with a binary relation
R and a mapping h: I — I. Suppose I is R- complete and h is intuitionistic fuzzy R — ¢ — contractive mapping such
that:

i.  Thereis q, € I such that q, is related to h(q,) by R and P(qo hq,,t) > 0 and Q(qo,hq,,t) < 1forallt > 0.
ii. Relation R is transitive and closed under h.
iii.  One of the following conditions is true:
a. The function h exhibits continuity or
b. Relation R is P- self closed and Q-self closed.

Consequently, h possesses a fixed point within I.

Proof: We can find g, € I from (i) such that q, is related to h(q,) by R and P(q, hq,, t)> 0 and Q(qo hqo, t)< 1 for all
t > 0. Let a sequence {q,} in I where h(q,) = qn+1, V1 € Ny. If q,, = g,,41 for some n € N, then g, is fixed point of h.
Suppose ¢, # ., foralln € N,.

As P(qq, hqo, t) = P(qo,q1,t) > 0, Vt > 0. Given Lemma 2 and equation (2), we deduce
min{P(qo, q1,t), max{P(hqq, qo, t), P(q1, hqy, ©)}} < 9 (P(hqo, hqy, 1))

= min{P(qo, q1, 1), max{P(qs, 9o, 1), P(q1, 42, )}} < (P (a1, G2, 1)) 4

= 0<P(q0qut) = 9(P(q1,q2, 1)) < P(q1, 92, 1)

Similarly, As Q(qo, hqo, t) = Q(qo, q1,t) < 1, Vt > 0. Given Lemma 2 and equation (3), we deduce
max{Q(qo, 41, t), min{Q (hqo, 4o, ), Q(q1, hq1, )}} = (Q(hqo, hqy, 1))

= max{Q(qo, 41, ), min{Q(q1, 90, ), Q(41, 42, )}} = ¢(Q(41, 9, 1)) (5)

= 0<Q(q0,91,t) = 9(Q(q1,92 1)) = Q(q1,92,t)

If there exists a t, > 0 for which P(qy, g, t,) = 0, then ¢(P(qy, 2, to)) = 0. This indicates that P(qy,q,,t,) = 0 (as a
result of condition (C) in the definition of ¢). Which is in conflict with (4).

Consequently, P(q4,q,,t) > 0,Vt > 0.
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Similarly, If there exists a to > 0 for which Q(qy, 42, to) = 1, then ¢(1 — Q(qy, g2, to)) = ©(0) = 0. This indicates that
1 - Q(qy, g2, to) = 0 which implies that Q(q4, g2, t;) = 1, Which is in conflict with (5). Consequently, Q(q4, g2, t) <
1,vt > 0.

Following the same scenario, we infer that vn € Nyandt > 0
0 < P(Gn-1,n,t) < P(P(Gn) Gns1,1)) < PG Gns1, ) < 1
0 < Qn Gn+1,t) = @(Q(Gn-1,9n,8)) = Q(Gn-1,qn ) > 0

Which indicates that the sequence {P(q,,qn+1,t)} and {Q(qn, gns1,t)} are non-decreasing and non-increasing
sequences, respectively and bounded.

Therefore, for all t > 0, there exist 0 < §,(t) < 1 and 0 < §,(t) < 1 such that
rlll—{go P(qn, Gn+1,t) = 61(1)
lim Q(qn, gn+1,t) = 8(8)

We will now demonstrate that forall ¢t > 0, §,(t) = 1 and §,(t) = 0.

If there exists t, > 0 where §;(t;) < 1 then it follows that,

0 < P(qn-1, qn to) < @(P(Gn, Gns1,t0)) < P(Gns Gnarr to) < 81(kp) < 1 (6)
Thus 0 < 6,(t,) < 1.

Similarly, If there exists t, > 0 where 6, (t,) > 0 then it follows that,

0 < Q(Gn G+ to) = (Q(n-1,dn t0)) = Q(qn-1, dn, to) = 8,(ty) >0 (7
Thus 0 < 6,(t,) < 1.

Given that ¢ is left-continuous and {P(qn, 4n+1,t)} and {Q(q,, gn+1,t)} are sequences of positive numbers that are
non-decreasing and non-increasing, respectively, by letting n approach infinity in (6) and (7), we get:

@(8,(ty)) = 8,(to), a contradiction (6,(t) € (0,1)).

1— (1= 6,(ty)) = 6,(t,), a contradiction (5,(¢) € (0,1)).

Consequently, §,(t) = 1 and 6,(t) = 0, Vt > 0. That is:
lim P(qn, gni1,t) =1 ©)
lim Q(qn, gny1,t) =0 9

Next, we demonstrate that {g,,} forms a Cauchy sequence in (I, P, Q, 7, 1) . Conversely, if {g,,} is not a Cauchy sequence,
then there exist € within the interval (0, 1) and some t, > 0 such that for every k € N,, there are m(k) and n(k) within
N, such that k < n(k) < m(k) satisfying;:

P(@miy, Gngicy to) < 1—¢

P(qm(k)—l; An(k) to) >1—-¢Vk€EN,

Similarly, Q (qm(k): An (k) to) =y

Q(@m@)-1, Iniey to) < & Vk € Ny

Given that (I, P, Q, 7, 1t) is non-Archimedean, it holds true for all k € N,
1—¢ = P(qmx) 9ncx),to)

> P(qm@iy dnio-1,t0) * P(@Gmo -1, naio,to)
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> PG Gngo-1,t0) * (1 =€)
Similarly, £ < Q@mwy Gn@),to)
< Q(gm@y Ino-1.t0) ¢ Q(Ama-1> Inao,to)
< Q(Gmeky Gno-1,t0) 0 &
By letting k approach infinity, and considering the continuity of * and ¢, along with (8) and (9), we can conclude that
Jim P(Gm@icy Gn@ey to) =1 —¢€ (10)
Jim Q (g Gnaey to) = € (11)
Furthermore, given that (I, P, Q, 7, u) is non-Archimedean, the following holds for all k € N,
P(m@i)-1,9n00-1t0) = P(Gmo-1,9n00 to) * P(Gnao,dnao-1-to) > (1 = €) * P(Gny, Gnio-1- to)
P(@m@iy Gntoy to) 2 P(@maey Gmao-1-to) * P(dmao-1, Gnao-1 to) * P(dn)-1 iy to)
Q(@m@)-1,9n00-1-to) < Q(dm-1,9n) to) ¢ Q(Gnwo,dn-1-to) < € 9 Q(Gna) Gnao -1, to)

Q@@ Gnier to) < Q(dmwy Imao -1 to) ¢ Q(dmaao)-1> Ino-1- to) ¢ Q(Anai)-1> Inaioy to)
By allowing k to approach infinity within the above inequalities and applying (8), (9) and (10), (11), we deduce

Jim P(@m@)-1, Gn(y-1,t0) = 1 — €. (12)
Jim Q(gmo-1 Gno-1-to) = &. (13)

Specifically, whenever k is sufficiently large, we have P (qy0)-1, Gni)-1, to) > 0 and Q (qm)—1, Gn)-1, to) < 1.

Utilizing (2) & (3) and Lemma 2, we obtain the following for all k
min {P(qm(k)—l' Gn(0-1 t0), Max{P (") -1, Gmaio-1- to)s P(@no-1, Mngiy-1, to)}} < @(P(hqm()-1, M@y -1, to))

max {Q (Qm(k)—v An(k)-1s fo):min{Q(th(k)—v Amk)-1) to)' Q(qn(k)—l' hqngo-1, to)}} = 9(Q(hqmu)-1 h9n)-1, to))

Hence,
min {P(qm(k)—l' (-1 t0)s MAX{P (Gm(ky mt-1 t0)s P(Gniior-1, Gncio, to)}} < @(P(Gmy dny to))

max {Q (@m-1 Gn-1, o), MI{Q (A Tt -1, to)» Q(Angior-1, Ani, to)}} 2 ¢(Q(@m) Anryr to))
By allowing k to approach infinity and applying (8) — (13) along with the left-continuity of ¢, we conclude that:
1—e< min{l —& max{l,l}} Sp(l—-e)=>1—-e< (1l —¢)<1-¢ acontradiction.
&> max{s, min{0,0}} > @(e) = € = p(&) > g a contradiction.

Therefore, {q,} must form a Cauchy sequence in (I,P,Q,t,u). Given that {q,} is an R-Cauchy sequence and
(1,P,Q,1, 1) is R-complete, there exists an g € I such that g,, converges to q.

If fis continuous, then by taking the limit as n approaches infinity on both sides of q,,,; = hq,, n € N,, we obtain q =
hq.

Otherwise, if R is P-self-closed and Q-self-closed, there exists a subsequence {g, )} S {g,} such that {g,, }Rq for all
keN,

We state that g = h(q). Given that the Ilim Ine) = g, We have

’lim P(q,q,t)=1,vVt>0
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Ilim Q(qn,q,t) =0Vt >0

Thus, for all t > 0, when k is sufficiently large, we have P(q,,q,t) > 0 and Q(gn, q,t) < 1. Given that g,,)Rq,
according to condition (2) & (3), we find

min {P(qn(k), q, t), max{P(hqn(k), (k) t), P(q,hq, t)}} <@ (P(hqn(k), hq, t))

max {Q (qn(k)v q, t)v mln{Q (hqn(k)v An(k)» t)v Q(q! hq! t)}} ¢ (Q(hqn(k)! hq, t))

Thus,
min {P (e 4, £), max{P(@uors 1 Gnaior ), P@ 7, O} < 0 (P(qngoyr1 g t))-

max {Q(angiy @ ), Min{Q(@nqwy+1 Incor £), Q0 ha, O} = @ (Q(gngoss ha 1))

By allowing k — oo and utilizing equations (8) and (9), we observe that }lim P(qnay g, t) =1and ’lim Q(qnaey @) =0

leading to the conclusion

1 = min{1, max{1,P(q,hq, )} < Jim @(P(@uaos1,ha, 1))

0 = max{0,min{1,Q(q, hg, H}} = lim @(Q(qn(ry+1,hq, 1))

As a result, this indicates that
Jim ¢ (P(qn(k)+1.hq. t)) =1

lim ¢ (Q(qn(k)+1'hq: t)) =0

k—oo

Consequently, based on Remark 4 (iii) and the continuity of P and Q, we deduce

,lim P(q,,q,t) =1,vt>0
llim Q(gn, q,t) =0,Vt >0
Hence, as k approaches infinity, lim q,,)+1 = hq. The unique limit implies that hq = q. This concludes the proof.
im gy

Following this, we present the subsequent uniqueness theorem.
Theoremz2: Building on the hypotheses of Theorem 1, if the following condition is satisfied:

iv.  Forall q,p € Fix(h), there exists r € I such that gRr and pRr, with
P(q,r,t) >0,Q(q,7,t) <1,P(p,rt)>00Q(p,rt) <1,Vt>0.
Then, the fixed point of h is unique.

Proof: Considering Theorem 1, Fix(h) is not empty. Suppose g and p are elements of Fix(h).
According to condition (iv), there exists an element r in I such that gRr and pRr, with
P(q,r,t) >0,Q(q,7,t) <1,P(p,1,t)>0,Q(p,rt)<1,Vt>D0.

Letr, = r and r,,,., = hr,, Vn = 0. We claim that g = p. Given that qRry, and P(q,7,,t) > 0,Q(q, 15, t) < 1Vt >
0, it follows from equation (2) & (3) that

mln{P (ql 7'0, t), max{P(hQ: ql t), P(TO’ hTO' t)}} S (p(P(hq’ hqo’ t))
= min{P(q,7,,t), max{P(q,q,t), P(ro, 71, )} < @(P(q, 7, 1))
= min{P(q, 7, t), max{1, P(ro, 11, 0)}} < 9(P(q,1,0))

= min{P(q,7y,t),1} < ¢(P(q,11,t))
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And
=
=
=

=

0< P(q,15,t) < (p(P(q, rl,t)) < P(q,7,t)

max{Q(q,7,, ), min{Q(hq, q, t), Q (ry, hry, )}} = (P (hq, hqo, 1))
max{Q(q, 7o, t),min{Q(q,q,t), Q(ro, 71, £)}} = 9(Q(q, 7, 1))
max{Q(q, o, t), min{1, Q (1o, 11, )}} = 9(Q(q,71, 1))
max{Q(q, 1, t), 1} = ¢(Q(q, 11, 1))
0<Q(q,7,t) = ¢(Qq,m,1) = Qg1 t)

Through induction, we establish that P(q,r,,t) > 0and Q(q,7,,t) < 1 Vn € N, and ¢t > 0. Given that R is h-closed, we
deduce (by induction) that q®r,, Vn € N,. Hence,

Lol

and

=
=

=

min{P(q, 1, t), max{P(hq, q,t), P(1,, hry, t)}} < @(P(hq, hry, t))
min{P(q, 1, £), max{P(q,q,), P(5, Tnsr, O} < 0(P(@, 141, 8))  (14)
min{P(q, 1, t), max{1, P(r,, hrn11, )}} < @(P(q, Ty, 1))
min{P(q, 1, t), 1} < ¢(P(q, Tn11, 1))

0 <P(qmmt) < QP71 t) S P(G Tner, V)

max{Q(q, 1, t), min{Q (hq, q, t), Q (1, 1y, )}} = (Q(hq, hry,, 1))
= max{Q(q, 1, £), min{Q(q, 4, t), Q1. s, D3} = 9(Q(q, 141, 1))  (15)
max{Q(q, 1, t), min{0, Q (1, Arn41, )}} = (Q(q, Ts1, 1))
min{Q(q, 7, ), 0} = 9(Q(q, Tns1, 1))
0<Q(qgmrt) = eQ(q i t) = Q(q Ther )

Consequently, {P(q,1,, t)} is non-decreasing and capped at an upper limit, while {Q(q,7,, t)} is non-increasing and
limited from below. Therefore, for all t > 0, there exist values 0 < y;(t) < 1 and 0 < y,(t) < 1 such that

lim P(q,7,8) = 7:()

rlll—>r£lo Q(q; T t) =72 (t)

By allowing n — o in equation (14) & (15), and considering that  is left-continuous, it follows that:

‘P(Vl (t)) =7y,1(t)

1- (P(Vz(t)) =y,(t)

Accordingly, considering Remark 4, we conclude that

Thus,

v,(6) = 0,vt > 0

lim P(q,7,,t) =1,vt >0

n—-oo

lim Q(q,7,,t) =0,Vvt >0
n—-oo
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In a similar way, we can demonstrate that

lim P(p,r,t) =1,Vvt>0
n—-oo
lim Q(p, 7, t) =0,Vt >0
n—oo

Since (I, P, Q, 7, 1) is non-Archimedean, it follows that (for all n € N)
P(a,p,t) 2 P(q, 1, t) * P(r,p, 1)
Qq.p,t) = Qg1 t) 0 QD t)
As n approaches infinity and considering the continuity of T and u, we deduce that:
P(gpt)=zt(1,1) =1
Q(g,p,t) < u(0,0) =0
Hence, P(g,p,t) =1
Qlg,p,t) =0
Thus, we arrive at the conclusion that ¢ = p , fulfilling our requirements.

Corollary 1: Consider a space (I, P, Q,t,u) which is an R-complete non-Archimedean intuitionistic fuzzy metric
space, with R being a binary relation and a mapping h: I — I. Suppose there exists k € (0,1) such that for any q,p € I
and all t>0 where q®Rp, if P(q,p,t)>0 and P(q,p t) > 0= min{P(q p t), max{P(hq,q,t),P(p,hp,)}} <
kP(hg, hp, t)

Q(q,p.t) < 1= max{Q(q,p,t), min{Q(hq,q,t),Q(p, hp, )}} = kQ(hq, hp,t)

Moreover,
i there exists q, € I such that g,Rhq,, where P(q,, hqo,t) > 0 and Q(qo, hqo,t) < 1forall ¢t > 0.
1i. R exhibits transitivity and is closed under the function h.
1ii. One of the following conditions is true:

a. The function h exhibits continuity or
b. Relation R is P- self closed and Q-self closed.

Consequently, h possesses a fixed point in I. Moreover, this is true provided that the following condition is met.

iv. For every q and p in Fix(h), there exists a r in I such that q®r and pRr, with P(q,7,t) > 0,Q(q,1,t) < 1
and P(p,7,t) > 0,Q(p,7,t) < 1forall t > 0.
Then the fixed point is unique.

In the following sections, we demonstrate that Theorems 1 and 2 can be established within the framework of R-
complete non-Archimedean intuitionistic fuzzy metric spaces (based on definition of fuzzy metric space defined by
George and Veeramani). Subsequently, we introduce the concept of GV-intuitionistic fuzzy R — ¢-contractive.

Definition 18: Consider (I,P,Q,t,u) as a non-Archimedean intuitionistic fuzzy metric space. Let R be a binary
relation on I and h: I - I. We define h as a intuitionistic fuzzy R — ¢ contractive mapping if there exist ¢ € Q such
that vV q,p € I,t > 0 with gRp.

min{P(q,p, t), max{P(hq,q,t), P(p, hp, )}} < ¢(P(hq, hp,1)). (16)

max{Q(q,p,t), min{Q(hq,q,t),Q(p, hp,)}} = ¢(Q(hq, hp,1)). (17)

Theorem 3: Consider (I, P, Q, 7, u) to be a non-Archimedean intuitionistic fuzzy metric space with a binary relation
R and a mapping h:I — I. Suppose I is R- complete and h is intuitionistic fuzzy R — ¢ — contractive mapping such
that:

i There is q, € I such that g,Rhq,;
ii. Relation R is transitive and closed under h.
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iii. One of the following conditions is true:
a. The function h is continuous or
b. Relation R is P- self closed and Q-self closed.

Consequently, h possesses a fixed point within I.

Proof: We can find g, € I from (i) such that g,Rhq,. Let a sequence {q,} in I where hq,, = q,4+1, Vn € N,. If q,, =
Gn+1 for some n € Ny, then g, is fixed point of h. Suppose ¢, # g, for all n € N,. Given that q,%q; and considering
equation (16) & (17), we derive the following:

min{P(qo, q1,t), P(hqo, 90, t), P(q1, hq1, )} < @ (P(hqo, hqy, 1))

= min{P(qo, q1,t), P(q1, 90, ), P(q1, 42, )} < 9(P(q1, G2, 1)) (18)
Similarly,
max{Q(qo, 91, t), Q(hqo, 4o, 1), Q(q1, hq1, )} = @(Q(hqo, hqy, 1))
— max{Q(qo, 91, t), Q(q1, 90, ), Q(q1, 42, )} = 9 (Q(q1, G2, 1)) (19)
If min{P(qo, 41, t), P(q1, 42, )} = P(q1, G2, ) = ¢(P(q1, G2, 1)) = P(q1, 42, 1),

then we have, P(q,, q,,t) = 1, leading to a contradiction.
and  max{Q(qo, 91,1),Q(q1, 92, )} = Q(q1, 42, t) = ¢(Q(q1, 92, 1)) = (41, 42, ),
then we have, Q(q4, g2, t) = 0, leading to a contradiction.
Therefore,
0 < P(q0,q1,t) < 9(P(q1,q2,1)) < P(q1,q2,t)
0<Q(q0,91,t) 2 9(Q(41, 92, 1)) = Q(q1,92, 1)
By repeating this procedure, we conclude that
0 < P(dn-1,qnt) < @(P(Gn Gns1,0)) < P(Gn) Gns1, 1),
0 < Q(dn-1,4n ) 2 ¢(Q(Gn, Gns1,)) = Q(qn, Gns1, 1)
For every n € Ny, in the proof of Theorem 1, we have

1111_{1;) P(qn qn+1,t) =1

) (20)
rlll_l;rolo Q(Qn: An+1, t) =0

Next, we demonstrate that {g,} is a Cauchy sequence in (I, P, Q, 7, u). Conversely, if {q,,} is not a Cauchy sequence,
then according to the proof of Theorem 1, we obtain

I}tggop(qm(k)IQn(k)'to) =l-¢

. (21)
,11_{1010 Q(Qm(k): An (k) to) =¢£

Jim P(Gm@)-1 Gnao-1to) = 1 — € 22
Jim Q(dm@o-1 Ing-1.to) = €
By applying the contractive conditions (16) & (17) and Lemma 2, we obtain for every k
Min{P (Gmaic)-1> Gno-1- to) P(hm@o -1 Gmo-1- to) P(dnior-1 hnao-1, to)} < @(P (R -1 hngo-1 to)

and

max{Q(qm@)-1, Gnto-1- t0)» @ (Adm@r-1, Gmaioy-1- t0) Q(@ngiey-1, M -1, t0) } < ©(Q(AGm@icy-1, Anioy-1- to)
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Min{P(qm)-1 Gnto-1- t0) P(@meiy Gty to)s P(Anto -1, dney to) < @(P(dm@y dney to) }
max{Q(qm)-1, Inti)-1 t0)» @ (@maiy Tmair-1- to) @ (Angi)-1, Gnciy to) < (Q(Amicy nciey» to)}

As k — oo, and by utilizing equations (20)-(22) along with the left-continuity of ¢, it can be determined that
l—-e<min{l—¢1,1}<p(1-¢)<1
and
e > max{e, 0,0} = () =0
This implies that (1 — &) = 1 — € and ¢(¢) = ¢, which is a contradiction.

Therefore, the sequence {q,}in (I, P, Q, T, u) must be a Cauchy sequence. Given that (I, P, Q, t, i) is R-complete, there
exists an element q in I such that g,, —» g. According to condition (a), if the function h is continuous, we can deduce
from the proof of Theorem 1 that

lim P(qy hq,t) =1
and lim Q(qn,ha,6) = 0
which implies that P(q, hq,t) = 1 and Q(q, hq,t) = 0, and hence q = hq.
From condition (b) if R is (P, Q)—self-closed, then there exists a subsequence {qn(k)} c {q,,} such that 111_{210 Ing) = q
and q()Rq for all k € N,

Assume q # h(q). From condition (16) & (17), we can deduce the following
mMin{P(qneiy, 4 t), P(hngi, Angioy t), P(@,ha, 1)} < @(P (R, ha, 1)
and max{Q(qnaey 4 t), Q(hdnae), dngey t), @@, hq, )} = 9(Q (R ha, )
Thus,
Mn{P(Gneiy, 4 t), P(@ntoy+1, Gy ) P4, ha, )} < 9 (P (Gnaiy+1,ha, 1))
max{Q(dngy 4-t), Q(dn+1 dnciy ), Q4 ha, )} 2 9(Q(Gny+1, 4, 1))
By allowing k — oo and applying equation (20), we get
lim P(gneey, g t) = 1
lim Q(qneiy q,t) =0

k—oo
P(q,hq,t) = min{1,1,P(q, hq,)} < lim ¢(P(qnqiy41,hq, 1))
Q(q,hq,t) = max{0,0,Q(q, hq,)} = lim ¢(Q(qnao+1,hq. 1))
Given the continuity of ¢, it follows that
P(q,hq,t) < (P(q,hq,t)) < P(q, hq,t)
Q(q,hq,t) = (Q(q,hq,t)) > Q(q, hq,t)
Therefore, based on Remark 4 (iii), we obtain P(q, hq,t) = 1 and Q(q, hq,t) = 0, as needed. Thus, it follows that hq =
q.
Following this, we present the subsequent uniqueness theorem.

Theorem 4: Assuming the same conditions as Theorem 3, an additional requirement is:

iv. For every q,p € Fix(h), there exists a r € I such that gRr, pRr and rRhr. With this condition, the fixed
point of h is unique.
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Proof: Based on Theorem 3, Fix(h) # ¢. Let q,p € Fix(h). According to condition (iv), there exists r € I such that
qRr and pRr. Define 1,,,.; = h(r,) for all n = 0 with r, = r. Since rRhr, then following the proof of Theorem 3, we
have

lim P(r,, 141, t) = 1
n—-oo

(23)
lim Q(#,, 741, t) =0
n—-oo

This indicates that {r, } forms a Cauchy sequence within the space (I, P, Q, 7, 1).

We assert that g = p. Since qRr, and R is h-closed, it follows by induction that q®r, for all n € N,. Thus, utilizing
equation (16) & (17), we obtain

min{P(q,1,,t), P(hq,q,t), P(1,, hry,, £)} < @(P(hq, hry, t))

= mln{P(qv T t)' P(qv q, t)' P(rn' Th+1s t)} < (p(P(q! Tn+1) t))
= min{P(q' T t)' P(rn' Th+1 t)} < (p(P (q' Th+1 t))
and

max{Q(q, 7, t), Q(hq,q,t), Q (1, hro, 1)} 2 @(Q(hq, hry,, 1))
= max{Q(q,7,,t),Q(q,q,t), Q1 Tn+1, 1)} 2 @(Q(q, T4, 1)
= max{Q(q, 1, t), Q (1, Tns1, )} 2 9(Q(q, Tnv1, 1))

Case I: When min{P(q,1,,t), P(;,, Tns1, t)} = P(q, 7, t) and max{Q(q, 7, t), Q (1, Tns1, £)} = Q(q, 13, t) for all n = n,, it
follows that:

P(q' T t) < (p(P(q' Tn+1 t)) < P(q' Tn+1 t)
Q@1 t) Z 9(Q(q, 141, 8) = Q(q, Tnt1, t)

Thus, {P(q,7,,t)} is non-decreasing and bounded above, and {Q(q,1,, t)} is non-increasing and bounded below.
Therefore, as demonstrated in Theorem 2

lim P(q,1,,t) =1
n—-oo
lim Q(q,7,,t) =0
n—-oo

= limr, =p

n—-oo
Case II: When min{P(q, 7, t), P(T, Tn+1, )} = P(q, Tn41, ) and max{Q(q, 7, £), Q (1, T4, )}
= Q(q, 41, t) for all n = n,, it follows that:

P(Tn, Tn+1s t) < (p(P(q, 7"n+llt))
Q(Tn, Tn+1s t) = (p(Q(q, Tn+1s t))

By letting n — oo and applying equation (23), we obtain
1< lim o(P(q,7n+1,t))

Since ¢ is continuous, we get

= 1= lim p(P(q,Tn+1,t))
= 1= lim P(q, 141, t)
n—-oo
= lim 7,1 =q
n—-oo
and

0 < lim ¢(Q(q, Tns1, 1))
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Since ¢ is continuous, we get

- 0= lim ¢(Q(q,7n+1,1))
— 0 = lim Q(q, 741, t)
n—-oo
- lim ;1 =q
n—oo

Consequently, by considering both cases, we determine that as

limrn, =q (24)

n—-oo

In a similar manner, it can be demonstrated that as

limn, =p (25)

n—-oo

Given that (I, P, Q,t, 1) is a Hausdorff space, we derive from equations (24) and (25) that g = p. This concludes the
proof.

By substituting ¢(t) = kt, where k € (0,1), in Theorems 3 and 4, we derive the following corollary.

Corollary 2. Consider (I,P,Q,t,u) as an R—complete non-Archimedean intuitionistic fuzzy metric space with a
binary relation R. Let h: I — I be a function such that there exists k € (0,1) and for all ¢,p € I, with qRp:

min{P(q,p,t),P(hq,q,t),P(p, hp,t)} < kP(hq, hp, t)
max{Q(q,p,t),Q(hq,q,t),Q(p, hp,t)} = kQ(hq, hp,t)

Additionally, the following conditions are holds:

1) there exists a point g, € I such that q,Rhq,;
(ii) the relation R is both transitive and h-closed;
(iii) one of the two conditions is satisfied:

(a) the function h is continuous, or
(b) the relation R is (P, Q)-self-closed.

Under these conditions, the function h has at least one fixed point in the set L.
Furthermore, if the following condition is satisfied:
@iv) for every q,p € Fix(h), there is a r € I such that q®Rr, pRr and rRhr.
Then the fixed point is unique.
4. Application to Non-Linear Fractional Differential Equations

In this part, we utilize our primary findings to investigate the existence of solutions to boundary value problems for
fractional differential equations that incorporate the Caputo fractional derivative.

Consider I = C([0,1], R), the Banach space with all continuous functions from [0,1] to R, equipped with the norm

llgllec = Sup [x(¥)I
£€[0,1]

Define P: I? x (0,) — [0,1] and Q:I? X (0,) — [0,1] for all ¢, p € I, by

—llg—plleo

P(q,p,t) =e vt € (0,1)

—llg-plleo
Qlgpt)=1-e ¢

It is widely recognized that (I, P, Q, t, 1) represents a complete non-Archimedean intuitionistic fuzzy metric space,
where t(a,b) = a.b and u(a,b) = min{a, b} for all a,b € [0,1] (refer to sources ([4],[20]). Let us define a binary
relation R on I by

vt € (0,1)

qRp © qt) <p()forallq,pel,te[01]
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Given that (I, P, Q, 7, u) represents a complete non-Archimedean intuitionistic fuzzy metric space where a *b = a.b
and a ¢ b = min{a,b}for all a,b €[0,1], it follows that (I,P,Q,t,u) is also an R-complete non-Archimedean
intuitionistic fuzzy metric space with the same operation t(a, b) = a.b and u(a, b) = min{a, b} for all a,b € [0,1].
Moreover, it is apparent that R shows transitivity.

Let's review the fundamental concepts that will be required later.

Definition 19([10]): For a function u given on the interval [a, b] the Caputo fractional derivative of function G order
B > 0 is defined by

cnB \n _ 1 _ \n-B-15(n) _ _
( Da+)u(t,) “To=p _ﬁ)af(t; HME 1AM ()ds, (n—-1<B<nn=[p]+1), (26)

where [B] denotes the integer part of the positive real number  and I is a gamma function.
Consider the boundary value problem for fractional order differential equation given by:

{ CD£+(‘I(',E)) =f(t,q®), (t€[01],2<B<3)

(27)
(0 = co 4'(0) = ¢, " (D) = ¢4 7

where CDf+ denotes the Caputo fractional derivative of order [, f:[0,1] — R is a continuous function and ¢, ¢, ¢, are
real constants.

Definition 20([1]): A function q € ¢3([0,1], R) whose B-derivative existing on [0,1] is considered a solution of
equation (18) if q satisfies CDer (g(®)) = f(t,q(®)) on [0, 1] along the conditions q(0) = ¢y, q'(0) =5, ¢ (1) = c;.
The subsequent lemma is essential for the result.

Lemma 3([1]): Consider p within the range 2 < 8 < 3, and let {, a continuous function, G: [0,1] — R. A function x
is a solution to the fractional integral equation

qt) = %fo t+ s)Pa(s) ds — >

2rg - 2)[ (1= )P=20(s)ds + o + cob + 87

if and only if q is a solution of the fractional boundary value problems
D8 (q®) = a(t)
q(0) = co, q'(0) =¢5, q"(1) = ¢
q"(1) = 2¢,

Where, q"(1) = 2c, + (1 —s)P=3G(s)ds = ¢y, ¢, ¢5 ER,i = 0,1,2.

F(ﬁ +2) f
In this section, we present and demonstrate our main result.
Theorem 5: Assume that
€y
If (& q(®) — f&pE)] < Aq() — p(8)], where

1 1 1
0< x A (F(B+1) + 21“(,8—1)) <1 (28)

(ii) there exist q, € I such that

a0(®) < 15 | 6= (5 00(5))ds = 5

(iii) The function f non-decreasing with respect to its second variable.

f (1 —5)P3f(s,q0(s))ds + co + ¢t + ?tz

Consequently, Equation (27) possesses a unique solution within the set I.

Proof: Let 7: 1 — I be defined as follows
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Hq®) = f & - s)ﬂ_lf(s,q(s))ds f (1 =95)B3f(s,q(s))ds + ¢y + it +—‘;:,2

1
@ zr(ﬁ 2

where, ¢; = 2¢, + f (1—95)573f(s,q(s))ds, c;cit € R, (i =0,1,2) are constant.

l"(a 2)
First, we demonstrate the continuity of 7{. Consider a sequence {q,,} where lim g, = ¢ in I. For each t within the
n—oo

interval [0,1], the following holds
|7 qn () — Hq(®)l

= F(ﬁ)f =) /(5. 4a () = f (s a@Dlds + 3007 f (1= 7317 (5,an(s)) = £(5,9(5))els|

ZF(B

Given that f is a continuous function, it follows that
lim [I£(s,4u()) = f(s,a(N, =
& lim [|[Hq, — Hqllo, =0
n—oo

) —lI3an=7qllo
& lime t =

n—-oo

o lim M(Hq,, Hq,t) =1
n—-oo
< lim Hq, = Hq
n—-oo
Therefore, H is continuous.

Clearly, the fixed points of the operator correspond to the solutions of Equation (27). To demonstrate that # has a
fixed point, we will apply Theorem 3.

Thus, we demonstrate that H is a GV-intuitionistic fuzzy R — ¢ — contractive mapping. Let g,p € I, such that qgRp
and q(t) < p(t) for all £t € [0,1]. Note that

1Hq(8) — Hp(®)] < —— f (=) f(s,9()) — f(s,p())]ds + 5= ] (1 =9)73|f(s,9()) = f(s,p())|ds

T'B) ZF(ﬂ

1), = )11 (5,(5)) — £ (s, p() ds + z)f (=9I (5,0() = £ (s:p())|ds

2I'( —

(1 —5)P22q(s) — p(s)lds

1 ¢ 1
R —5)B-1 — -
<t ) 6= 9P p(s)lds+zr(ﬁ_2)fo

1 t
_ _ p-1 _ g3
SF([?)[O(E SFlq — pllewds + ——— f(1 $)E32lq = pllords

ZI‘(B

Mg —plle (* 5, Allq = pllo -3
S—F(ﬁ) fo(t s) ds+21‘(ﬁ f(l s)P~3ds

N 1
= (r(5+1)+2r(3—1)) llg =Pl

=Llg—pl
Thus, RIIHg — Hpllo < 11 = Plloo
.. . Kl g-Hplloo kllg-plloo
This implies e t >e t

As a result,

p(M(#q,Hp, 1)) = M(q,p,t) = min{M(q,p, t), M (Hq,q,t), M (p,Hp, 1)},
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o(NV(Fq,Hp, ) < N(q,p, t) < max{N(q,p,t), N (¥q,q,t), N (p, Hp, )},

With ¢(t) = tf and k > 1, this demonstrates that 7 is a GV-intuitionistic fuzzy R — ¢ —contractive mapping. From
(ii), we deduce that q,(£)RH q,(t) for all £ € [0,1], hence q,RHq,, which satisfies condition (i) of Theorem 3. Given
q,p € I with q(t) < p(t) for all t € [0,1], and from (iii), considering f is nondecreasing in the second variable, we
obtain

Hq(t) = f & —5)P1f(s,q(s))ds + co + cjt + 12

1
(8
< LJ.t(l; —)F71f(s,p(s))ds + co + cit + 12

I'(B) Jo

=Hp(t)

We deduce that #q(t) < Hp(t) for all ¢ € [0,1], and consequently Hq < Hp (i.e., qRp = HqRHp). Therefore, R is
H -closed, satisfying condition (iii) of Theorem 3. Hence, all the hypotheses of Theorem 3 are true, implying that H
has a fixed point which is a solution to Equation (27) in /. Furthermore, if q,p € I are two fixed points of  in I, then
q < max {q,p}, ,p < max {q,p}, and r = max {q, p} € I. Additionally, M (q,r,t) > 0,N(q,7,t) < 1 and M(q,p,t) > 0,
N(q,p,t) < 1forall t > 0 (according to Definition 4). Therefore, Theorem 4 is also satisfied. Thus, the fixed point of
Mand IV are unique, making the solution to Equation (27) in I unique. This concludes the proof.

Lastly, we present the following example to support Theorem 5.

Example 3: Let the boundary value problem associated with the fractional differential equation

3 o) = 240
Dyra(®) = 32 +qm) " C [0,1] 29

q(0) =0,q'(0) =0,q"(1) =2

Consider the function f(t,q(t)) = 3(53—%)), (t,q(r)) € [0,1] x [0, )

Consider q(t),p(t) € [0,00) and t € [0,1]. Then

q®)  p®)
24+qt) 24+p®)

2 ‘ a(®) —p(®)
3[C+aE+r)

2
If(ta®) - fEp®)| = 3

2
<Zla® - p@®)|

Therefore, condition (i) of Theorem j5 is fulfilled with A = 2

. 1 1
Next, we verify that 4 [r(s+1) + 21"(3—1)] <1
2 1 4 1 _ 17 <1
3| (10 H| v
r(3) ()
Therefore, equation (28) is valid. By setting x, = 0, we then have
t t
1 4 t? 2 g2t
0<—-|Gt—95)3f(,00ds———— | (1 —95)3f(s,0)ds+—=—, t€][01]
r(3) 2r(3) vt
3/0 3/0

This demonstrates that condition (ii) of Theorem 5 is satisfied. Moreover, if g < p, we deduce that f(q) < f(p).
Consequently, condition (iii) of Theorem 5 is also satisfied. Therefore, Equation (29) has a unique solution over the
interval [0,1].
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5. Conclusion:

This research has introduced and explored the concept of intuitionistic fuzzy R-yp-contractive mappings, yielding
significant results on the existence and uniqueness of fixed points in the context of non-Archimedean intuitionistic
fuzzy metric spaces. Our findings extend and generalize existing results, providing a more comprehensive framework
for understanding fixed point theory in intuitionistic fuzzy metric spaces. The illustrative examples presented in this
paper demonstrate the applicability of our results. Furthermore, we have successfully applied our theoretical findings
to establish the existence and uniqueness of solutions for Caputo fractional differential equations in the setting of
intuitionistic fuzzy metric spaces.
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