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Received: 10 Dec 2024 Introduction: In this article, modified linear block codes (MLBCs) are constructed from a

completely controllable discrete-time system. These codes are systematic codes where the

information part and the parity part of the codes are explicitly separate. In this research, a new
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the best possible minimum distance characteristic which in turn leads to error correcting codes
with good error correction capability. The constructed generator matrix for the designed
MLBCs is developed with the help of distance-increasing mapping (DIM). DIM is established
using permutation arrays (PAs) of binary vectors which are obtained from the solution space of
a control system. The performance of the developed MLBCs is verified. The probability of
undetected errors which is one of the key features of Error Correcting Codes is found to be
higher than the Linear Block Codes. The designed code is decodable using the existing decoding
algorithms. Constructed codes in this article can be used in high frequency radio environment
for deep space mission.
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I. INTRODUCTION

Today’s world is the world of digital communication. Most of the information is coded in the binary digits '0' and '1'
and the efficiency of error correction of the transmitted message is one of the key benchmarks of a communication
system. Linear block codes are the oldest and simplest, yet one of the most powerful error correction techniques,
with the potential for improved efficiency and applications. Linear block codes deal with symbols defined over the
Galois field GF(2). Linear block codes, in general, are given in terms of the generator matrix and parity check
matrix.

Rosenthal [1] mentioned that there is a close connection between linear systems over finite fields and Error
Correcting Codes. In [2], control theory for systems defined over finite rings is discussed. Kalman [3] gives the
theoretical knowledge of the control system with the well-established fact that within n sampling intervals, the
initial condition of a control system can be reset to all zero vectors.

Decoding of these codes can be done with the help of existing methods of decoding for linear block codes such
as decoding using syndrome polynomials [4]. The twisting of arrays is suggested to increase the distance between
the code words by Akbari [5]. In [6-13] various methodologies are discussed for establishing distance preserving
mapping (DPM) and DIM from the array of a set of binary number vectors to an array of a set of natural number
vectors. In the patent, by Talmale [8], the design of 3-bit error correcting codes is discussed which uses
permutation arrays for making the designed error correcting code more effective with regard to its improved error
correction capability.

In this research article, the generator matrix is designed from a subspace of a completely controllable discrete-
time system (CCDTS). It is observed that by applying Kalman’s principle, the solution space of a CCDTS forms an
Upper Triangular Matrix. We propose to use this solution space as a subspace in designing of generator matrix
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which can be utilized to design Modified Linear Block Codes. Also, this solution space is effectively used to design
Distance Increasing Mapping (DIM) to develop increased distance modified linear bock code (IDMLBC). Bit error
rate (BER) performance is evaluated with the help of experimentation and results are presented for the same. Based
on the analytical and experimental research, the main result is presented in the form of lemma.

This paper is structured as follows: In section 2, a literature survey is discussed. Section 3 demonstrates the use
of control system theory for the design of Modified Linear Block Codes. Section 4 gives designing of the generator
matrix. Section 5 discusses the construction of permutation arrays for DIM. In section 6, an algorithm for the
construction of the generator matrix for increased distance linear block code is developed. In section 77 results are
presented and in section 8, this research article is concluded.

II. LITERATURE REVIEW

Research in the area of coding theory is an emerging area as there is a requirement for vast growth in the field of
communication technology. Also, this is the era where there is an elegant growth in the field of discrete
mathematics.

The classic techniques of mathematics such as permutation and vector transformation are used to improve the
influential characteristics of the designed Error Correcting Codes which is the minimum distance between the
codewords. The Error correction capability of linear block codes is dependent on the minimum distance between
the codewords of a code.

Studies in coding initially branched in two directions, for noiseless channels and for noisy channels. Studies in
noiseless channel coding matured quite early. These codes were of variable length. McMillan later extended the
result for uniquely decodable codes. Huffman's construction method for optimal instantaneous codes practically
answered all questions in the search for the most efficient codes for noiseless channels [14]. The other direction in
which the coding theory developed was the area of error-correcting codes, i.e. the coding for noisy channels.

In contrast to constant-length codes, the developments in the study of variable length codes for noisy channels
have shown little growth, while most of the time we have variable length messages for example password for a file
to be opened, messages (voice or text) on a mobile to be sent, data in a file on a computer etc. and there is unwanted
redundancy in making words of constant-length. This lag in development may have been due to a lack of
mathematical techniques, in particular, the algebraic methods that influenced the development of constant length
coding were unavailable for variable-length codes. Combinatorial search also lagged behind as algebraic search for
constant length codes was the main focus area.

In [15], significant research questions are discussed in the area of coding theory from the perspective of
control system theory. It is discussed that in the field of convolutional coding theory decoding is considered as a
tracking problem that is computationally complex. Chen et al., [16] give the use of Grobner bases in the error
detection and correction process. In [17-18], Sylvester resultant method is discussed for decoding of QR codes. This
method can be used to compute the Newton identities that are nonlinear and multivariate equations of higher
order. These methods become complex when the length of error-correcting codes increases.

Truong et al., [19] give an algebraic decoder for the (89, 45, 17) binary Quadratic Residue (QR) code. Then,
Truong et al., [20] developed an algorithm in order to find the roots of error-locator polynomials up to degree n =
11. Berlekamp, Rumsey, and Solomon [21] discuss the solutions of algebraic equations over fields. Fedorenko and
In [22], Trifonov's procedure is developed to calculate the syndromes of decoders. In [23-24], various decoding
methods and syndrome computation methods are discussed. Rong et al., [24] give a decoding algorithm for
correcting the errors having Lee weight < 5.

Schmidt et al., [25] give a new methodology for decoding Reed—Solomon codes. Algebraic decoding methods
are discussed in [26-27].

The Error correction capability of linear block codes is dependent on the minimum distance between the
codewords of a code.

In [28], permutation is applied to the rows of matrix and distance preserving mapping is proposed. In [29-30],
distance- increasing mapping is developed by mapping the rows of binary elements to the set of vectors of natural
numbers of equal length. In distance increasing mapping as discussed in [30] the minimum Hamming distance is
increased by 2.
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In [31], the application of permutation of arrays which is used in constructing DPM is discussed in power line
communication. In DPM established by Swart and Ferreira [32], it was observed that mapping satisfies the upper
bound on the sum of the Hamming distances. Shao Xia and Zhang Weidang [33] give shortening of turbo codes by
designing interleavers with variable interleaving spans by using the concept of shortening the codes. Marc P. C.
Fossorier and Shu Lin [34] ordered statistics-based soft-decision decoding which can be used for any binary block
code and does not require any data storage. Martin et al., [35] give the working for the search of the closest
codeword to the input through encoding and decoding procedures for different sequences. Godoy et al., [36] give
decoding for codes based on available adaptive information sets. In [37] the real-time modified information set-
based decoding algorithms for block codes are discussed. Brante et al., [38] give the decoding methodology based
on the bit positions in the information set. The performance is very close to the maximum likelihood decoder. Guo
et al., [39] give how to use the information set-based decoding algorithm for cryptographic applications. Chang et
al., [40] suggest a method to construct constant composition codes by using DIM which is useful in powerline
communication. Theo G. Swart and Hendrik C. Ferreira [41] established a decoding method for decoding the codes
obtained with the help of DPM. B. Honary and G. Markarian [42] give a new simple encoder and trellis decoder for
Golay codes. Cheng et al., [43] construct the method for finding the most suitable symbol mapping with the help of
iterative decoding.

This extensive literature survey based on algebraic methods of encoding and decoding and the study of various
distance-preserving and distance-increasing mapping techniques builds the foundation for this research work.

III. CONTROL SYSTEM THEORY FOR THE DESIGN OF MODIFIED LINEAR BLOCK CODES

Consider a completely controllable linear discrete-time control system as follows:

X(K 1) = AX(K) +BUK)-ervvereerreeeeerresseeeeees )

In this equation, input to the system is denoted by u (k), x (k) represents the system variable at any given time
instant t, and real-time system matrices are denoted by A and b. Considering the smallest third-order system, x (0)
represents the initial condition as [111] 7.

Kalman proposed the law of controllability of the control system. According to him, any nth-order control
system can be stepped down to the origin in n sampling intervals. The connection between linear systems and codes
was discussed by Rosenthal [1].

When the system defined by equation (1) is sampled at various instants of time, as per Kalman’s principle last
sample of the solution of the given system is found to be an all-zero vector. All the solutions after sampling can be
used to form a linear block code and it is discussed in the further section.

IV. DESIGNING OF GENERATOR MATRIX

Consider the following system of equations applied to equation number (1):

Let
0O 1 0 0

x(k+1)=|0 O 1 |[x(k)+]| 0 [u(k)........... (2)
-6 -11 -6 1

As discussed in [7], equation number (1) will have the following solution:

k-1
x(k) = AX(0) + D" A’bu(k —1= J)..cccoiiccccrcces ©)]

j=0
By considering a third-order system, when the initial condition is considered as an all-one vector [1 1 1] and applied
to the above set of equations (2) and (3), that is by solving expression number (2), with the help of equation number
(3), the last sampling is observed to be an all-zero vector.
As per the theory of error control coding, the generator matrix G is expressed as G = [I: P], where I is an identity
matrix and P is the matrix obtained by arranging the transpose of the above solutions: x (0), x (1), and x (2) as the
rows of P. In other words, P is the Upper Triangular Matrix (UTM), obtained from the basis vectors. H = [PT: I]
where H is the parity check matrix. This code satisfies all the properties of a linear block code, namely, GHT = 0 and
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HCT =o.
The generator matrix for the above discussed system will be as follows:

A similar generator matrix can be obtained for any nt*-order completely controllable system in general.

V. CONSTRUCTION OF PERMUTATION ARRAYS FOR DIM

It is interesting to notice that when any (n, k) linear block code is constructed from the generator matrix designed
in the above section, it satisfies the properties such as GHT = 0 and HCT = 0 but the established code turns out
to be a single error detecting code having the minimum distance dmin as 2.

In this section, permutation arrays (PAs) are constructed with the help of the solution space of CCDTS
described by equation (1). These PAs will be the 'P' part of G = [1: P]. DIM is constructed with the help of PAs. It is
observed with the help of constructed DIM, when the modified linear block is again experimented it turns out to be
a multiple error detecting and error correcting code.

Permutation arrays for DIM of fifth-order CCDTS:
Now, consider a fifth-order system as follows: UTM for the fifth-order system:
11 1 1 1

[ =S SN
O O Fr P
O 00 PR
O o oo

1
1
1
0

Generator matrix for this is

1000011 1 1 1
01 00011110
G=|0 01 0011 1 0 Of... (5)
0001011000
0000110000

Coctruction of DIM:

Transforming UTM by columnwise

addition of all rows for odd order as follows:
101 1

0

1] (6)

0

1

p=

= =)

1
0
1
0

_ O =
[T =1

Now the generator matrix by using this transformed matrix is as follows:

1000010101
0100011010
Gy =[0 01000110 1)
0001010110
0000101011

The increased distance modified linear block code (IDMLBC) obtained from the above generator matrix is (10, 5),
(n, k) code, and with the help of DIM, the minimum distance between the code words for this (10,5) code is found
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to be increased by 2. For (10, 5) IDMLBC, now, dmin = 4, and the code is now single error correcting and double
error detecting code.

This DIM can be applied to any higher order CCDTS for designing higher order codes with even improved error
correction capability. Decoding of the designed codes can be done by existing decoding algorithms.

VI. AN ALGORITHM FOR THE CONSTRUCTION OF A GENERATOR MATRIX FOR INCREASED
DISTANCE LINEAR BLOCK CODE

In this section, an algorithm is designed for the construction of generator matrix for IDMLBC. Figure 1 gives the
flow chart of the discussed construction.

Input: nt" odd-order completely controllable discrete- time system
Output: Generator matrix G= [I: P] for increased distance linear block code.

Steps to be followed:

1: Consider a nth odd-order completely controllable discrete-time system X(K +1) = AX(k) + bu(k)

2: Get the solution of this system by considering the initial condition of the system as nt order all one vectors.
3: Solution space will lead to an upper triangular matrix
4: Use permutations of arrays method to transform the established UTM
5: Get the modified first row of the matrix by adding all the rows of UTM
6: If the modified first row has a total number of ones < 5, go to step 8
7: If the modified first row has a total number of ones > 5, go to step 14
8: Perform the rotation of the first modified row by one bit to the right side to establish the second modified row of
the matrix
9: Step 8 will be repeated for the rest of the remaining (n-2) rows and get the completely modified matrix
10: Use this modified matrix as a P part in the generator matrix
11: Do the experimental simulation work using MATLAB to get the generator matrix G = [I :P], where I is an nth-
order identity matrix
12: Get all the codewords of the designed code and do the simulation for calculating the increased distance
13: dmin should be < 4. Stop.
14: Use a different way of permutation of arrays as mentioned below:
Perform the addition of all the rows of UTM, leaving the sixth and last row to get the modified first row of the
transformed matrix. This processing will lead to an increase in the dmin parameter of the designed code and will
increase its error correction capability.
15: If the total number of available zeros are found to be equal to 2, go to step 18
16: If the total number of available zeros are found to
be <4, go to step 20
17: If the total number of available zeros are found to be > 5, go to step 22
18: Now, repeat steps 8 to 12
19: Computed dmin using simulation = 4. Stop
20: Now, repeat steps 8 to 12
21: Computed dmin using simulation = 2 + the available number of zeros in the transformed first row of the
processed matrix. Stop
22: Now, repeat steps 8 to 12
23: Computed dmin using simulation = The count of zeros in the transformed first row of the processed matrix.
Stop
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()

Given an n® odd order Completely Controllable
Discrete Time System

x(k +1) = Ax(k) + bu(k)

|
b7

Obtamn its Solution using below expression

k-1
x(k) = A*X(0)+ > A'bu(k —1— 7)
=0

\E

Sampled Solution Space 1s Upper Triangular
Matrix (UTM) of n® order system

L

UTH 1s P part of the generator matrix
G=[I:P]

Use the distance increasing mapping method of
permutation of arravs to transform P so that
minimum distance between the codewords is

mcreased

Do the experimentation using MMatlab for getting
the designed increased distance lmear Block Code

Figurei. Flow chart for designing of Increased Distance Linear Block Code
VII. RESULTS
With the help of the constructed DIM in above section 5, we have designed the following IDMLBC mentioned in
Table 1:

Table 1. Comparison of designed IDMLBC with existing codes

Code (n, k) Code rate dmin Modulation scheme
Hamming Code (7,4) 0.571 3 16 QAM
Designed IDMLBC (10,5) 0.5 4 16 QAM
Designed IDMLBC (18,9) 0.5 5 16 QAM
Designed IDMLBC (34,17) 0.5 6 16 QAM
Designed IDMLBC (22,11) 0.5 6 16 QAM
Designed IDMLBC (28,14) 0.5 6 16 QAM
Designed IDMLBC (30,15) 0.5 6 16 QAM
Hamming Code (15,11) 0.733 3 16 QAM
Hamming Code (31,26) 0.838 3 16 QAM
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Hamming Code (255,247) 0.968 3 16 QAM
Designed IDMLBC (36,18) 0.5 8 16 QAM

Figure 2, 3, and 4 give the simulation results of the BER performance of our designed IDMLBC. Also comparison of
the BER performance of these designed codes and the existing codes are presented in Figures 1, 2, and 3.

BER

\
W\

Coded BER1(Hamming Code(255,247),R=0.969,16QAM)

Coded BER for(n k)=(36,18,dmin=8,R=0.5,16QAM)
L ;

2 4 6 8 10 12
Eb/No (dB)

Figure 2. Eb/No versus BER: [(36, 18) IDMLBC Vs (255,247) Hamming]

BER

Coded BER1(Hamming Code(15,11),R=0.733,16QAM)
Coded BER for(n,k)=(36,18,dmin=8,R=0.5,16QAM)

2 4 6 8 10 12
Eb/No (dB)

Figure 3. Eb/No versus BER: [(36, 18)IDMLBC Vs (15,11) Hamming]

BER

\

Coded BER1(Hamming Code(31,26),R=0.839,16QAM) \\

Coded BER for(n,k)=(36,18,dmin=8,R=0.5,16QAM)

T N T N T .

2 4 6 8 10 12
Eb/No (dB)

Figure 4. Eb/No versus BER: [(36, 18)IDMLBC Vs (31,26)Hamming]
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Analytical Result

Lemma: For a given control system, the solution space of any nth order system can be transformed to an upper
triangular Matrix of the same order. Such an UTM when used as ‘P’ part of the generator matrix G [I:P] can be used
as to construct linear block code.

Remark: By applying Kalman's principle to the initial state in which all one vector [1 1 1....1] can be steered to the
origin that is all zero vector [0 0 0....0] when arranged in the matrix form leads to an upper triangular matrix.

VIII. CONCLUSION

In this research work the generator matrix is designed for increased distance modified linear block code from the
solution space of a CCDTS. The bit error rate performance of the code has been verified with the help of experimental
work. In the process of designing the generator matrix, DIM is constructed which is the major contribution of the
work and can be used to design any higher order and higher length codes. These designed codes can be used in
high-frequency radio environments for transmission and reception of signals. Based on the performed analytical and
experimental research, the result in the form of Lemma is also discussed.

Conflict of interest: The author declares no competing interests.
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