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1 Introduction 

Let A be the family of functions f which are analytic in the open unit disk  1: = zCz  

of the form:  
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The class of functions in A , which are univalent in  is denoted by S . Every function 

Sf  has an inverse 
1−f distinct by )(,)]([1 =− zzzff

 
and 

)
4
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)();((,)]([ 00

1 =− frfrwwwff , where 
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1 ++−−−+−=− waaaawaawawwf  . 

If both f and 
1−f are univalent in  , then a function Af   is considered bi-univalent in 

 . The symbol   indicates the class of bi univalent functions. 

It is stated that a function m - fold symmetric (refer[1]) if the normalized form that follows is 

present:  
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The m-fold symmetric univalent function m class, which is represented by mS , is normalized 

by the series expansions (1) mentioned above. The class's functions are symmetric one-fold. Analogues 

to the concept of  −m  fold symmetric univalent functions, is defined the concept of −m  fold 

symmetric bi univalent functions. Each function f in the class   generates a −m  fold symmetric bi-

univalent functions for each positive integer m. The normalized form of f is given in (1) and 
1−f is 

given in the followings 
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where gf =−1
. The class of −m  fold symmetric bi-univalent functions is denoted by m . 

Numerous authors have recently examined Fekete-Szego functional problems and coefficient 

estimates for subclasses of −m fold symmetric bi univalent functions (refer [2],[4],[7] – [11]). When 

two analytic functions, f and g, are considered subordinate to each other, as shown by ( ) ( )zgzf  , If 

an analytical function w  exists such that ( ) ( ) 1,00 = zww  and ( ) ( )( )zwgzf = .  

A function ( )zf , given by (1), is said to be in the class ( )m, , if the following conditions are 

satisfied: 

( ) ( )zzff m  ,  and ( ) ( )wwg   

which defines the function g(w) in (2). 

In order to determine whether classes of Sakaguchi type functions satisfy geometrical 
conditions, Frasin [3] looked into the coefficient inequalities. 
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regarding complicated numbers s, t but s ≠ t and α (0 ≤ α < 1) . (refer[5],[6]) 

 Two new function class subclasses are introduced in this article. m of bi-univalent functions 

which both f and 
1−f  are −m fold symmetric Sakaguchi type of functions. Furthermore, the goal is 

to determine the initial Taylor-Maclaurin coefficient estimation 1+ma and 12 +ma  and look at Fekete-

Szego inequality for functions in every one of these newly created subclasses. 

To validate our primary findings, we require the subsequent lemma. 

 Lemma 1.1. If Ph , then 2np for each n, where P is the family of all functions h analytic in 

 for which ( )  ,0 zh  

( ) ...1 3

3

2

21 ++++= zpzpzpzh  

2 Coefficient estimates of the function of the class ( ) :,, bs
m  

Definition 2.1:  For 0 , a complex numbers bs,  but bs  , the function f is said to be in (1) , if 

the following conditions are satisfied: 
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where the function 
1−= fg  given in (2). 

Theorem 2.2. Let the function f given by (1) in the class ( ) :,, bs
m , ,0 a complex 

numbers bs, but bs  and 10  . Then  
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and for   
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Evidence. From (4) and (5), it follows that 
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where the ( )zp and ( )wq  in P have the forms 
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Currently, we obtain by equating the coefficients of (9) and (10). 
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We derive (13) and (15) as follows: 
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Following that, using Lemma 1.1 for the coefficients mp2 and mq2  We determine the coefficient bound 

for in the aforementioned equation 1+ma as asserted in (6). 

After deducting (16) from (14), we now 

have
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The deductions (17), (18), and (20) imply that                           
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Next, for the coefficients, apply Lemma 1.1 once more. mmm qpp ,, 2 and mq2  Using the equation 

above, we can determine the bound for 12 +ma as stated in (7). 

The Fekete-Szego inequalities for the subclass's function are then sought to be provided. 
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Equations (19) and (21), taken together, provide 
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The inequality stated in (8) is therefore obtained by applying Lemma 1.1. 

This concludes the Theorem 2.2 proof.                                                                             □ 

3 Estimates of the Class Function's Coefficients ( ) :,, bs
m  

Definition 3.1 A function f , given by (1), is in the class ( ) :,, bs
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where (2) gives the function g. 

Theorem 3.2 Let the function f  given by (1) be in the  class ( ) :,, bs
m  ( )100   and
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where ( )zp and ( )wq have the forms (11) and (12), respectively. Equating the coefficients in (27) and 
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Then, by applying Lemma 1.1 for the coefficients mp2 and mq2  in last equation, we obtain the desired 

bound for 1+ma as asserted in (24). 

Now, to find 12 +ma , subtracting (32) from (30), we obtain 
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Next, for the coefficients, apply Lemma 1.1 once more mmm qpp ,, 2 and mq2  We derive the intended 

bound for in the previous equation 12 +ma as asserted in (25). 



Journal of Information Systems Engineering and Management 
2025, 10(3) 

e-ISSN: 2468-4376 

  

https://www.jisem-journal.com/ Research Article  

 

 

 1102 

Copyright © 2024 by Author/s and Licensed by JISEM. This is an open access article distributed under the Creative Commons 

Attribution License which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is 

properly cited. 

 

The Fekete-Szego inequalities for the subclass function should then be obtained. We obtain from 

equations (35) and (36), 

( )
( ) ( )

( ) ( ) ( )( ) ( )( ) ( )( )( )
( )( )

( ) ( )( )22

22

222

22

2

2

112

122

1

121121

1
1

bsbsm

qp

bsmbsbsbsmm

qp
aa

mm

mm
mm

++−+

−−
+

++−+++++−++

+−
−=− ++










, 

( ) ( )
( ) ( )( )

( )
( ) ( )( ) 

















++−+
−+









++−+
+−= mm q

bsbsm
hp

bsbsm
h 222222 122

1

122

1
1





  

where 

( )
( )( )

( ) ( ) ( )( ) ( )( ) ( )( )( )bsmbsbsbsmm
h

++−+++++−++

−−
=

121121

11
222 


 . 

Afterwards, we get the inequality stated in (26), by applying Lemma 1.1.  

With this, Theorem 3.2 is fully proved.       □ 

4. Concluding Corollaries for the subclasses  

Setting the parameters  1= and 1=m in the Theorem 2.2 and Theorem 3.2, We derive the 

subsequent corollaries. 

Corollary 4.1. Let the function f is given by (1) in the sub class ( ) :,, bs
m . Then  

( )( ) ( ) ( )( )  ( ) ( )( )222
2

2123

2

bsbsbsbsbs

a

+−−−+−+−++−






, 

( ) ( )( )2
2

223
2

8

3

2

bsbsbs
a

+−
+

++−



 

and for   

( )
( )

( )( )
( ) ( )

( )( )








++−


++−


++−
−

22

2222
2

23

32

1
,8

32

1
,

3

2

bsbs
hh

bsbs
h

bsbs
aa







  

where 

( ) ( )( ) ( ) ( )( )  ( ) ( )( ) 222 2123 bsbsbsbsbsh +−−−+−+−++−=   
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Corollary 4.2.  Let the function f is given by(1) in the sub class ( ) :,, bs
m . Then  

( )
( )( ) ( ) ( )( )bsbsbsbs

a
+−+−++−

−


23

12
222


, 

( )
( )

( )
( )( )2

2

223
2

18

3

12

bsbsbs
a

+−

−
+

++−

−



, 

and for   

( )
( )

( )
( )( )

( )( ) ( )
( )( )









++−
−

++−


++−

−

−

22

2222
2

23

32

1
,18

32

1
,

3

12

bsbs
hh

bsbs
h

bsbs
aa






 . 

where  

( ) ( )( ) ( ) ( )( )bsbsbsbsh +−+−++−= 23 22 . 
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