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1 Introduction

Let A be the family of functions f which are analytic in the open unit disk A = {Z eC: |Z| < 1}
of the form:
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The class of functions in A, which are univalent in Ais denoted by S. Every function

f € S has an inverse f * distinct by ff(2)]=2z(zeA) and
f[f 71(W)]:W,(|W|< L, (f);r(f) 2%),where
f 1 (w)=w-a,w’ +(2a’ —a,)w’ —(5a; —5a,a, +a,)w"* +... .

Ifboth f and f *are univalentin A , then a function f € A is considered bi-univalent in

A . The symbol 2. indicates the class of bi univalent functions.

It is stated that a function M - fold symmetric (refer[1]) if the normalized form that follows is
present:

f(z):z-|-Z:a_mk+12”"<+l (meN,Z EA). @®
k=1
The m-fold symmetric univalent function m class, which is represented by S,,, is normalized

by the series expansions (1) mentioned above. The class's functions are symmetric one-fold. Analogues
to the concept of M— fold symmetric univalent functions, is defined the concept of m— fold

symmetric bi univalent functions. Each function f in the class ). generates a m— fold symmetric bi-
univalent functions for each positive integer m. The normalized form of f is given in (1) and f Tis

given in the followings

g(w)=w—a, W™ +|(m+1)a2, —a,,, "
N [%(m +1)(3m + Z)ar:iwl - (3m + 2)am+1a2m+l + agmﬂ}WSmﬂ L (2)

where f = g . The class of m— fold symmetric bi-univalent functions is denoted by 2., .

Numerous authors have recently examined Fekete-Szego functional problems and coefficient
estimates for subclasses of M—fold symmetric bi univalent functions (refer [2],[4],[7] — [11]). When

two analytic functions, f and g, are considered subordinate to each other, as shown by f (Z) <dg (Z) ,If
an analytical function W exists such that w(0) =0, |W(Z] <land f (Z) =g (W(Z))

A function f (Z), given by (1), is said to be in the classM . | (¢), if the following conditions are

satisfied:
feX,, f(z)<¢(z)and g'(w)<p(w)
which defines the function g(w) in (2).

In order to determine whether classes of Sakaguchi type functions satisfy geometrical
conditions, Frasin [3] looked into the coefficient inequalities.

el =02 @)
e —_—
f(sz) - f(tz)

(3)
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regarding complicated numbers s, t but s # tand a (0 < a < 1) . (refer[5],[6])

Two new function class subclasses are introduced in this article. 2., of bi-univalent functions
which both f and f ' are m—fold symmetric Sakaguchi type of functions. Furthermore, the goal is
to determine the initial Taylor-Maclaurin coefficient estimation |am+l| and |a2m+1| and look at Fekete-
Szego inequality for functions in every one of these newly created subclasses.

To validate our primary findings, we require the subsequent lemma.
Lemma 1.1. If he P, then | pn| < 2for each n, where P is the family of all functions h analytic in

A for which fR{h(Z)} >0,
h(z)=1+ p,z+ p,z> + ps2° +...
2 Coefficient estimates of the function of the class MZm (l, s,b: a)

Definition 2.1: For 4 >0, a complex numbers S,b but S # b, the function f is said to be in (1) , if

the following conditions are satisfied:

f ’(Z)(f(s(:)%bf)z(bz)y <p(z)zeA )

and

g ’(W){ﬂ)l <p(w)weA &)

g(sw)-g(bw)

where the function ¢ = f - given in (2).

Theorem 2.2. Let the function f given by (1) in the class My (Z, s,b: a), A 20, a complex

numbers S,bbut S#band 0<a <1.Then
2a]
|a'm+1|S )( ( 5 2)) ) (6)
N2 1)-
(m+1)(2m+1) 2/13 +sb+D A1 +1)- A5+ b)
+(A(2+1)s+b) —24(m+1)s+b))

20 4m+1)a?

<
B < (2m+1)- A(s> +sb +b2)+ (m+1)-A(s+b)y* 7
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2a 1
h(o) <
2 2 ’| 2 2
8, . —al|< (2m+1)-A(s® +sb+b?) 2((2T+1)—i(s +sb+b?)) @)

4O S 2 s o)

where

h(é?):{o{(m +1)(2m+1)- (s +sb+b?)) }—Z(a—l)((m+l)—/1(8+b))2}

+(2(2+12)s+bf —24(m+1)s+b))

Evidence. From (4) and (5), it follows that

f’(z{%f:[pw, ©

and

g(sw)-g(bw)

ool ] <l 60

where the p(z)and q(w) in P have the forms
p(2)=1+ p, 2™ + Py 2°™ + P53 2°" +... (11)
and
(W) =1+ g, W™ + 0y W™ + Qg W™ +.. (12)
Currently, we obtain by equating the coefficients of (9) and (10).
(m+1)-2(s+b))a,., = ap, (13)
(2m+1)- A(s? +sb+b? ).,

o . R

~((m+1)-2(s+b)la,., =ed, . (15)
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((m +1)a2, —a,, ., )((Zm +1)- ﬂp(s2 +sb+b? ))

. 6
+(WT+1)(S +bY —A(m+1)s+ b)jafm - Lala-1): +a, (16)
We derive (13) and (15) as follows:
pm = _qm s (17)
and
2(m+1)-A(s+b)fa%,, =a?(p2 +0?). (18)

Now, by using equations (14), (16), and (18), we get

(m+1)(2m+1)— A(s? +sb+b?)) A
L(/l(/1+1)(s+b)2_zg(m+1)(S+b))}_2(“_1)((m+1)—1(5+b)) a, =a?(p2+q?).
(19)

Following that, using Lemma 1.1 for the coefficients P, and 0,,, We determine the coefficient bound

for in the aforementioned equation |a | as asserted in (6).

m+1

After deducting (16) from (14), we now

have {2((2m +1)-A(s? +sb+b? )y,
—(m+1)(2m+1)- A(s? +sb+b? )2

m+1

1
:| = a(pZm _qu)"‘Ea(O{_l)(p,i +q§1 )
(20)

The deductions (17), (18), and (20) imply that

APoy=Go) @’ (m+1)p}+0)
2(2m+1)-A(s® +sb+b?))  4(m+1)-A(s+b)}

(21)

|a2m+l| =

Next, for the coefficients, apply Lemma 1.1 once more. P, P,n,,0,, and 0,,, Using the equation

above, we can determine the bound for |a2m +1| as stated in (7).

The Fekete-Szego inequalities for the subclass's function are then sought to be provided.
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Equations (19) and (21), taken together, provide
2
@ (P + Gz )

otlln 3 2680 |ttt o]

+(2(2+1)s+b) - 24(m+1)(s+b)

Aymaa _Iuarfwl = (1#){ |:

o o =Gsn)
2((2m +1)- A(s? +sb+b?))

:“{(h(9)+ 2((m +1)—/11(32 +sb+b2))J P {h(e)_ 2((m +1)—;b1(s2 +sb+b2))jq2m}

where

(6)- L~ pa

{alz(erl)((Zm +1)-A(s? +sb+b?)) )}_2(0! ~1)(m +1)—/1(5+b))2}

+(2(4+1)s+b) —24(m+1)(s+b)
The inequality stated in (8) is therefore obtained by applying Lemma 1.1.
This concludes the Theorem 2.2 proof. O

3 Estimates of the Class Function's Coefficients sz (/1, s,b:p )

Definition 3.1 A function f , given by (1), is in the class sz (/1, s,b: g ) if The following

prerequisites are met:
fe> and R f'(Z (S_—b)Zl > f (2200<ﬁ3126A) (22)
" f(sz)- f(bz) ’ ’ ’ ’

and

m{g@){%}l}ﬂ, (1>0,0<pB<LweA). (23)

where (2) gives the function g.

Theorem 3.2 Let the function f given by (1) be in the class Ky (ﬂ,, s,b: ﬂ) (2, >0and0< g < 1)

then
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. |S\/ 41- p)
" (m+1)(2m +1)— A(s? + sb+b? ))+ ( A +1)s+b) —210n+1X5+b»

(24)

o< 2(1- B) ,_Am+1)1-py (25)

2m1_Qm+D—A@2+w+bﬂ (m+1)-A(s+b)}’
and for 7 € R
2(1-p) h(¢) < L
(2m+1)-a(s? +sb+b?) ~2l(2m+1)-Als* +sb+b*))

2
Ay — M8 4| S

4hiel-p) m§)>(2m+ﬂ—i@ﬂﬁb+w»
(26)
where h(£)=(m+1)(2m+1)— A(s? +sb+b? )+ (2(2 +1)s +b)? - 24(m +1)s +D))
Proof. It follows from (22) and (23) that there exists p(Z), q(W) € P such that
, (s-b)z Y _ ~
f(z)[f(sz)— f (bz) =+(-F)p) 7)

and

9’(w)(9( ot I =B+ (1= Bla(w). (=8)

sw)-g(bw)

where p(Z) and q(W)have the forms (11) and (12), respectively. Equating the coefficients in (27) and
(28)

((m+1)- A(s +b)ja,., = (- B)p,. 9
((zm+1>—z(s2+sb+b2))am+(W;1><s+b>2 A+ 2o +b) ., =0 Ao
(30)

~((m+1)- A(s+b)a,... = (- ), -

and
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((m +1)a2, —a,, ., X(Zm +1)- /1(52 +sb+b? ))

oA bp a2k )i -0 P .
From (29) and (31), we obtain
Pm =—0n (33)
and
2(m+1)-A(s+b)Paz, =@-#F(p2 +a2). (34)
From (30) and (32), we find that
(m+1f(2m+1)-A(s? +sb+b? )ja? , -

2 b
#2415+ b ~22(m-+1)s-+b)R3 =0 BN Pan + )
Then, by applying Lemma 1.1 for the coefficients P, and Q,,, in last equation, we obtain the desired

bound for |a | as asserted in (24).

m+1
Now, to find |a2m +1| , subtracting (32) from (30), we obtain

2((2m+1)— A(s? +sb+b? )y, —(M+1)(2m+1)— A(s? + sb+b?)Ja2,, = (1= BY Py — Uom )

Or, equivalent

a — (1_5)( Pam _qu) + (m +1)a§1+1
2 2((2m+1)- A(s? +sb+b?)) 4

2

-, from (34), we have

Substituting the values of a

a = (1—ﬂ)(p2m_Q2m) +(m+1)(1_18)2(p§1+q,i).
2m+l 2((2m +1)—,1(52 +Sb+b2)) 4((m+1)—j,(s+b))2

(36)

Next, for the coefficients, apply Lemma 1.1 once more P, P,,,,0,, and Q,, We derive the intended

bound for in the previous equation |a2m +1| as asserted in (25).
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The Fekete-Szego inequalities for the subclass function should then be obtained. We obtain from

equations (35) and (36),

(1_/8)2(p2m + qu)
(m+2)(2m+1)— A(s? +sb+b? )+ (A(2 +1)s+b)’ —24(m+1)s+b))
(L= BXPon ~Gan)
2((2m +1)- A(s? +sb+b?))

Ay — 180, =(L-77)

b

==/ ){(h(§)+ 2((2m +1)—zl(s2 +sb+b2))j Pan +(h(§)_ 2((2m +1)—zl(s2 +sb+b2))jq2m}

where

h(f — (1_/'1)(1_:8) )
(m+1)(2m+1)- A(s? +5sb+b? )+ (A(2 +1fs +b)’ —24(m +1)s +b))

Afterwards, we get the inequality stated in (26), by applying Lemma 1.1.
With this, Theorem 3.2 is fully proved. O

4. Concluding Corollaries for the subclasses

Setting the parameters A =1and M =1lin the Theorem 2.2 and Theorem 3.2, We derive the

subsequent corollaries.

Corollary 4.1. Let the function f is given by (1) in the sub class MZm (/1, s,b: a). Then

V2ol
Jal=(s +s0-+b7))~(s+ )2~ (s+b))]- (¢ ~1)2~ (s + b)Y

CHES

K

|a3|£ 2a N 8a?
3—(52+sb+b2) (2—(s+b))°

and for 7 € R
2a 1
(@) <
o] e LG o o)
SO o3 s +b7)
where

h(6)= a3 (s? +sb+b?))— (s +b)2—(s+b))]- (@ —1)2— (s + b)) |
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Corollary 4.2. Let the function f is given by(1) in the sub class Ky (/I, s,b:p ) Then

< J 201- ) ,
A7V (3= (s? +sb+b?))-(s+b)2—(s+b))

2-p)  81-p)

Pl v+ 7)o D)
and for 77 € R
s R M
O N b o )
where
h(¢)=(3-(s* +sb+b?))- (s-+b)2~(s+b)).
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