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This paper examines the influence of viscosity fluctuations and magnetic fields on squeeze film 

lubrication between rough circular plates using a couple-stress fluid. A modified Reynolds 

equation is derived based on Christensen’s stochastic theory to account for surface roughness. 

The analysis specifically investigates two types of one-dimensional roughness patterns: radial 

and azimuthal. Expressions for pressure, load-carrying capacity, and squeeze film time are 

formulated, with discussions centred on the variation of various non-dimensional parameters, 

supported by 2D and 3D graphical representations. The results reveal that radial roughness tends 

to reduce, while azimuthal roughness increases, the pressure, load-carrying capacity, and 

squeeze film time. Furthermore, the presence of viscosity variation, couple stress, and magnetic 

fields significantly enhances these parameters compared to the smooth plate scenario. The study 

also calculates the relative percentage changes for these attributes, offering valuable insights for 

design engineers to optimize bearing performance by selecting appropriate surface structures, 

magnetic fields, and lubricant additives to prolong bearing life. 
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INTRODUCTION 

Squeeze film behaviour plays a crucial role in a wide range of engineering and scientific fields, such as lubricated 

joints, gears, viscous dampers, bearings, as well as in the functioning of automotive and aircraft engines.  A squeeze 

film refers to a thin layer of thick, sticky lubricant that forms between two surfaces when they approach each other. 

As the surfaces get closer, the viscous lubricant accumulates, resisting immediate squeezing out due to its thick 

nature. This resistance generates pressure within the lubricant film, which in turn supports the load. The application 

of squeeze films is critical in reducing wear and tear, providing damping, and ensuring smooth operation in 

mechanical systems. In classical hydrodynamic lubrication, studies by Pinkus [1], Cameron [2], and Hamrock [3] 

have largely assumed that lubricants behave as Newtonian fluids. However, recent experimental findings indicate 

that adding a small amount of high molecular weight polymers to a Newtonian fluid can yield more effective 

lubricants. This enhancement is particularly beneficial in applications where load-carrying capacity and response 

time are crucial, such as in bearing systems or automotive engines. To explain the behaviour of such non-Newtonian 

lubricants, micro-continuum theories, such as those developed by Ariman and Sylvester [4, 5] and Stokes [6], have 

been proposed. The Stokes micro-continuum theory extends classical fluid continuum theory by incorporating polar 

features like body couples and couple stresses. This theory has been applied in several studies [7-12] to investigate 

the impact of couple stresses on fluid-film bearings. The results suggest that using fluids with couple stresses lead to 

improved squeeze film performance, characterized by higher film pressure, increased load-carrying capacity, and 

longer response times. These findings have practical applications in optimizing the design of bearings, dampers, and 

other mechanical systems, where the use of couple-stress fluids can enhance performance, durability, and reliability 

in demanding engineering environments. 
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In recent years, Magnetohydrodynamics (MHD) has become an area of considerable interest in lubrication theory. 

Studies have demonstrated that the use of electrically conductive fluids can enhance the load-carrying capacity of 

bearings. Several theoretical investigations have indicated that electromagnetic fields have a beneficial effect on 

squeeze films, especially in applications involving high-speed operations and high external temperatures. 

Couple stress fluid is commonly used as a lubricant in hydromagnetic bearings, offering several advantages over 

traditional solid bearings. Various studies have explored the MHD performance of bearings lubricated with 

electrically conductive fluids under the influence of a magnetic field, including research on smooth surfaces such as 

Kuzma’s study on parallel plate slider bearings [13], Lin's work on annular disks [14], and Lin et al.’s investigation of 

curved annular plates [15]. These studies show that, compared to non-magnetic scenarios, the presence of a magnetic 

field leads to improvements in film pressure, load capacity, and squeeze film duration. It is important to note that 

most bearing surfaces exhibit some degree of roughness. All bearing surfaces typically exhibit some level of 

roughness, which plays a significant role in the field of tribology—the study of friction, lubrication, and wear between 

interacting surfaces. The mean separation of sliding surfaces and the height of roughness asperities in bearings are 

often of a similar magnitude. To better understand how surface roughness affects the performance of hydrodynamic 

bearings, various approaches have been proposed. The stochastic model introduced by Christensen [16] has been 

widely used as a foundation for studies on the hydrodynamic lubrication of rough surfaces. Many researchers have 

explored the combined effects of couple stress, MHD, and surface roughness. For instance, Bujurke et al. [17-18] 

studied rectangular and finite rectangular plates, Hanumagowda et al. [19-21] focused on curved circular, curved 

annular, and conical plates, and Salma et al. [22] investigated curved annular plates. These studies found that surface 

roughness enhances squeeze film performance, especially in cases of azimuthal roughness as opposed to radial 

patterns. However, viscosity variations are common in real-world scenarios and can significantly impact the 

lubrication process of bearings. Bartz and Ehlert [23] explored the effects of pressure-viscosity oils on the 

temperature, pressure, and film thickness in elasto-hydrodynamic rolling contacts. Hanumagowda [24] studied the 

squeeze film behavior of circular step bearings with varying viscosity in couplestress fluids, while Lin et al. [25] 

focused on parallel circular plates with viscosity considerations. Additionally, several researchers [26-30] have 

investigated the combined effects of roughness, pressure-viscosity dependence, and couplestress fluids on different 

bearing types. Most recently, Syeda et al. [31] examined the impact of MHD and surface roughness on the behavior 

of non-Newtonian squeeze films in circular plates. The primary goal of the present research is to analyze how viscosity 

variations influence the lubrication of squeeze films between circular plates, with a focus on the effects of surface 

roughness. 

Mathematical Analysis 

Figure 1 depicts the squeeze film lubrication between two circular plates, where the upper plate moves downward 

towards the lower rough plate at a velocity  V . A magnetic field, represented by, is applied vertically along the z-axis. 

The film thickness between the plates is denoted by ' 'h , and ‘a’ represents radius of the circular plates. 

The equation that governs the analysis of squeeze film characteristics is as follows: 

2 4
2

2 4

u u p
B u
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Where   is the conductivity of the lubricant, ' 'u and ' 'w  are the velocity component along r  and z−directions 

respectively                                                       
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Figure 1: Geometry of rough circular plate 

The following are required boundary conditions: 

At  ( ) :z h=   

0u = ,        0
u

z z

  
= 

  
                                                                                                        (4a)                                                                            

w V= − .                                                                                                                                 (4b)                                                                   

At  ( )0 :z =  

0u =     ,  0
u

z z

  
= 

  
                                                                                                                 (5a)                                                                  

0w = .                                                                                                                                    (5b)    

Using boundary conditions (4a) and (5a) to solve equation (1), we obtain 
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
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where, couple stress parameter is /k  = and Hartmann number is ( )0M B h  = . 
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 The substitute (6) in (3) and integrate over the thickness of the film and using the boundary conditions (4b) and (5b), 

we obtain 
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The fluid film thickness is expressed through a mathematical formula divided into two components, one accounting 

for the smooth surface and the other for the influence of surface roughness. 

( , , )aH h h r  = + .                                                                                          (9) 

Let ( )ag h denote the probability distribution function of the stochastic film thickness ah . Taking the expected value 

of equation (8) with respect to ( )ag h  results in the modified Reynolds equation. 
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where, standard deviation is   and 3
c =  

A one-dimensional rough surface consists of two distinct components: radial and azimuthal roughness patterns. 

Radial roughness refers to surface variations that extend outward from the centre of the plate, following the radial 

direction. These roughness features are arranged in patterns that radiate from the centre to the edge of the plate. 

The film thickness is ( , )aH h h  = +                                                                                  (11) 

The Reynolds equation (10) is expressed as: 
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                                                                                   (12) 

Azimuthal roughness describes surface irregularities that follow concentric circles around the centre of the plate, 

oriented in the angular or circumferential direction. The roughness features are aligned in a circular pattern around 

the centre, parallel to the plate’s circumference. 

The film thickness is: ( , )aH h h r = +                                                                              (13) 

The stochastic Reynolds equation (10) is expressed as: 
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Let us  combined equation (12) and (14)  into a single expression as follows. 
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Viscosity-pressure dependency relation is given by the authors Barus [32] and Bartz and Ether [23] as 

 0

pe =
                                                                                                               (16)

 

where, 0 represent viscosity at constant temperature and ambient pressure and  is pressure-dependent viscosity 

co-efficient. 
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Introducing the above dimensional parameter in equation (15), it becomes 
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The boundary conditions for the non-dimensional pressure are as follows. 
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By integrating the non-dimensional Reynolds equation (17) with respect to r* and applying the boundary conditions, 

we can express the non-dimensional film pressure as. 
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The expressions for the load-supporting capacity is 
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The load-supporting capacity is obtained in the following form
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The nondimensional response time 
*T  is introduced by: 
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where, 
1*

1

0

h
h

h
=  

RESULT AND DISCUSSION 

This study explores the impact of viscosity variation, MHD effects, couple stress fluids, and surface roughness on 

squeeze film lubrication between circular plates. The analysis focuses on several non-dimensional parameters, 

including the viscosity variation parameter, Hartmann number, couple stress parameter, and roughness parameter. 

These factors are essential for understanding the behaviour of the lubricant film under various conditions. To 

evaluate their influence on critical performance aspects such as pressure distribution, load-carrying capacity, and 

squeeze film duration, specific ranges of these parameters are considered in the study. 

*0,0.002,0.004, 0,2,4, 0,0.2,0.4, 0,0.2,0.4M k C = = = =  

Dimensionless Pressure 

In Figure 2, the dimensionless pressure 
*P  is outlined against the radial coordinate 

*r for varying values of C , 

showcasing both roughness patterns. The findings reveal a distinct trend: as C  increases, the pressure rises for the 

azimuthal roughness pattern, while it experiences a decline for the radial roughness pattern, illustrating the 

contrasting effects of surface texture on lubrication performance. Fig 3 illustrates the graph of 
*P as function of  

*r  

for various of  . For both roughness configurations, it is observed that 
*P rises with rising   values. Fig 4 and Fig 

5 represents the various results of  
*P  versus  

*r  for different values of M and 
*k .  
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Table 1: Comparison of present analysis with Syeda et al [31] with
* 0.4, 2,k M= =  
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Table 2: Variation of *P
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It is observed that the pressure 
*P reaches its maximum at 

* 0r = , and further increases as the values of M  and 
*k

rise. In all the figures 2-5, solid line represents the azimuthal and dash line radial pattern. The roughness properties 

of a surface are closely related to the pressure changes in fluid flow over that surface. An increase in surface roughness 

typically leads to greater variations in pressure because the surface imperfections restrict the fluid's smooth flow and 

cause pressure changes along the interface. Furthermore, compared to radial roughness, the pressure distribution 

  
*P

R  *W
R  *T

R  

C   radial azimuthal radial azimuthal radial azimuthal 

0 

0.002 0.70359 0.94058 0.89604 0.89604 2.27917 2.27918 

0.004 1.42418 1.91009 1.82015 1.82015 4.81646 4.81673 

0.006 2.15875 2.90487 2.76910 2.76910 7.66510 7.66538 

0.2 

0.002 0.69339 0.99934 0.87644 0.95185 2.08370 2.81174 

0.004 1.40344 2.03068 1.77992 1.93511 4.37994 6.03207 

0.006 2.12695 3.09128 2.70699 2.94647 6.92448 9.78628 

0.4 

0.002 0.66488 1.23728 0.82362 1.17845 1.67343 8.69227 

0.004 1.34516 2.52199 1.67129 2.40379 3.48019 25.21109 

0.006 2.03783 3.85250 2.53965 3.67250 5.43284 49.07490 
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associated with azimuthal roughness is more apparent in all the figures 2-5. Furthermore, figure -6 represents three-

dimensional graph of pressure distribution by varying surface parameter and viscosity, keeping 

* * * 2,  0.2,  0.5,  0.6mk h rM = = = = constant as we noticed that pressure is significant due to increases in 

viscosity and effect is seen in for azimuthal than radial pattern.  Also, variation of pressure with respect to M and 

*k  is depicted in figure-7 keeping * * 0.3,  0.004,  0.5,  0.6mC v h r= = = =  constant. From figure it is observed 

that pressure is maximum at 
*3 &  0.3M k= =  as compared to 

*0 & 0M k= = . The introduction of a magnetic 

field leads to a significant accumulation of lubricant in the film regions, resulting in an increase in squeeze film 

pressure. This enhancement occurs due to the magnetic field's influence, which draws more lubricant into the film, 

amplifying the pressure generated during the squeeze process. 

 

Figure  2: Graph of 
* versus 

*r  varying  C  values 

 

 Figure 3: Plot of 
* versus 

*r  for distinct    values  
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Figure  4: Graph of 
* versus 

*r  for distinct M  values 

 

Figure 5: Graph of 
* versus 

*r  for different 
*k values  

       

                         (a) Radial Roughness                                         (b) Azimuthal Roughness 

Figure 6: Graph of P* Versus C and v with M = 2, k* = 0.2, hm
* = 0.5, r* = 0.6 
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(a) Radial Roughness                                        (b) Azimuthal Roughness 

Figure 7: Graph of P* Versus M  and k* with C = 0.3, v = 0.004, hm
* = 0.5, r* = 0.6. 

Load-supporting Capacity 

Figure 8 depicts the plot of the non-dimensional load-supporting capacity W


 as a function of 
*h for various values 

of C  showcasing both rough surface patterns. As seen in the figure, both roughness configurations coincide at 0C =

, highlighting that at this value, the load-supporting capacity is the same for both surface types. Also, azimuthal 

roughness is found to have a more load-carrying capacity than radial roughness. The variation of 
*W along with 

*h  

for distinct values of   is presented in Fig 9. The effect of viscosity variation observed to result in higher value of  

*W   Fig. 10 and Fig. 11 shows the variation of 
*W against 

*h  for various values of M and 
*k  for both roughness 

surfaces and it is seen that 
*W decreases for increasing values of 

*h . Further, it is found that increasing values of M  

and 
*k is to increases the load-supporting capacity. Additionally, figure -12 represents three-dimensional graph of 

load supporting capacity by varying surface parameter and viscosity, keeping 
* * 2,  0.2,  0.5mhM k= = =  

constant. It is observed that viscosity effect enhances the load for azimuthal pattern than radial. Also, variation of 

load with respect to M and 
*k  is presented in figure-13 keeping * 0.3,  0.004,  0.5mC v h= = =  constant. From 

the graph it is seen that load is maximum for increasing values of 
*&M k  as compared to 

*0 & 0M k= = . When 

a magnetic field is applied, a substantial quantity of lubricant accumulates in the film areas, increasing the squeezing 

film pressure which enhances the load supporting capacity. 

 

Figure 8: Graph of W


versus h

 for various C values 
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Figure 9: Graph of W


versus h

 for distinct   values 

 

Figure 10: Graph of W


versus h


 for different M values 

 

Figure 11: Graph of W


 versus h

 for different

*k  
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(a) Radial Roughness                                      (b) Azimuthal Roughness 

Figure 12: W* Versus C and v with M = 2, k* = 0.2, hm
* = 0.5. 

 

(a) Radial Roughness                                       (b) Azimuthal Roughness 

Figure 13: W* Versus M and k* with C = 0.3, v = 0.004, hm
* = 0.5. 

Squeeze Film Time 

Figure 14 shows the relationship between nondimensional squeeze film time 
*T  and 

*

1h  for different values of C . It 

is observed that as the value of C  increases, the squeezing time significantly increases for azimuthal roughness, 

while it decreases for radial roughness. Furthermore, it is noted that both roughness patterns converge at 0C = . 

Fig. 15 depicts 
*T  variation with 

*

1h  for various values of   for both the roughness configurations. As a result, 

increasing values of   enhances the time
*T and it is shown that  

*T  declines for rise in
*

1h .   Fig. 16 and Fig. 17 

represents variation of 
*T  versus 

*

1h  for various M and 
*k . A notable increase in 

*T  is observed with the rise in 

the magnetic field and couple stress parameter, as compared to the non-magnetic and Newtonian fluid cases. Fig18 

presents the 3D graphs of squeeze film time for various values of viscosity parameter and surface roughness keeping  

1

* * 2,  0.2,  0.5hM k= = =  constant. Due to raise in roughness parameter and viscosity parameter, there is 

significant increase in squeeze film and more pronounced in case azimuthal than radial roughness. Further variation 

of squeeze film time with respect to magnetic field and couple stress parameter is depicted in figure 19 keeping 

1

* 0.3,  0.004,  0.5C v h= = =  fixed. As a result, squeeze film time is maximum due increase in both parameters

*&M k when compared to 
* 00&M k= = . As the Hartmann number and couple stress parameter increase, the 

squeeze film time is found to be longer for the azimuthal roughness pattern than for the radial roughness. This 
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indicates that the azimuthal configuration is more responsive to these factors, resulting in improved lubrication 

performance and extended film support times under the specified conditions. 

 

Figure 14: Graph of 
 versus 1h

 for various C values 

 

Figure 15: Graph of 
 versus 1h

 for distinct  values 

 

Figure 16: Graph of 
 versus 1h

 for various M values 
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Figure 17: Graph of 
 versus 1h

 for various k


 values  

 

(a) Radial Roughness                                       (b) Azimuthal Roughness 

Figure 18: T* Versus C and v with M = 2, k* = 0.2, h1
* = 0.5. 

 

(a) Radial Roughness                                        (b) Azimuthal Roughness 

Figure 19: T* Versus M and k* with C = 0.3, v = 0.004, h1
* = 0.5.
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CONCLUSION 

Based on the analysis of surface roughness, viscosity variation, and MHD effects on the lubrication of couple stress 

fluid between circular plates, the following conclusions can be made: 

1. In comparison to smooth plates, the squeeze film pressure, load-carrying capacity, and squeeze film time of 

rough circular plates are either increased or decreased, depending on the roughness pattern. Specifically, the 

one-dimensional azimuthal roughness pattern enhances these parameters, while the radial roughness 

pattern has the opposite effect. This is because azimuthal roughness results in a larger contact area, which 

improves fluid retention and pressure buildup more effectively than the radial pattern. 

2. Furthermore, the inclusion of lubricant additives and the presence of surface roughness are found to 

substantially enhance squeeze film performance when compared to Newtonian and non-magnetic cases. 

These factors collectively improve both the load-carrying capacity and squeeze film time, resulting in more 

efficient and long-lasting lubrication. 

3. As 0 → , the outcome for both one-dimensional circular plate roughness patterns can be reduced to a non-

viscous case in the limiting scenario, as Syeda Tasneem Fathima et al. [31] investigated and shown in Table-

1. 

4. An increase in viscosity improves the performance of a squeeze film bearing by increasing the dimensionless 

pressure, enhancing the load-supporting capacity, and prolonging the response time. The increased viscosity 

makes the lubricant more resistant to flow, which helps to better support the load and respond more 

effectively under varying conditions. 

5. The relative pressure, relative load and relative squeeze film time are calculated and tabulated in Table-2 

with 
* *0.4, 2, 0.8, 0.4k M h r= = = =  and 

*

1 0.5h = . As result it is found that an increase of nearly 49% 

(5%), 4% (3%) and 4 % (%2) in 
* * *, &T W P is observed for azimuthal (radial) roughness pattern  
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