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One of the most significant contributions in the paper is the concept of the Hydraulic Influence 

Matrix (HIM) and its use as a linear model for complex open-flow canals. In the context of canal 

flow, the HIM serves as a parameter sensitivity matrix. Given its physical interpretation, the HIM 

can characterize free-surface flow behavior in canals. Specifically, it helps analyze the 

dependence domain of a canal setpoint and the influence domain of a gate movement. 

The matrix is populated with derivatives typically calculated using numerical flow models, but 

this approach is impractical when there are many parameters to identify or when the 

performance index is challenging to evaluate common issues in canal control systems. Therefore, 

the HIM has been derived analytically. A primary contribution of the HIM to open-flow canals 

and canal controllers is its ability to quickly and accurately compute water level and velocity 

perturbations in response to gate movements in real-time. This model provides watermasters 

with the ability to apply this linear surface model in both unsteady and steady states, enabling 

real-time applications in control algorithms. Model testing showed that, for gate movement 

disturbances ranging between 10% and 0.5%, equivalent to a maximum incremental discharge 

of over 70%, the linear model maintains an acceptable error margin, supporting its application 

as a real-time control model. Furthermore, this model fully supports real-time control 

applications, as larger gate movement disturbances (exceeding 10%) should be planned in 

advance rather than managed in real time. 

Keywords: Optimization algorithms, real time control, mathematical flow models, irrigation 

canals. 

 

OBJECTIVE 

Climate change has a negative impact on the quantity and quality of available water needed to meet global human 

needs according to UNESCO [1]. The global population is rapidly growing, with expectations of reaching 8 billion 

people in2030 and being just shy of 10 billion people in 2050 according to the United Nations [2], both of which are 

figures that suggest an imminent surge in global food demand. Irrigated agriculture is the most water-intensive 

sector, consuming around of 60-80% of water resources in a country [3]. Moreover, irrigation water distribution 

systems are the infrastructure by which one-third of water resource losses take place. Monitoring and controlling 

operations in irrigation canals are essential for mitigating leakages and water waste in operational actions.  

The problem of adjusting the discharges of an irrigation canal to meet demands by farmers at outlets requires a 

certain ability to control the canal. Once the farmer's demands in a time horizon are known and ordered to 
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watermaster, it is necessary to define the gate movements along time in the canal so as to provide the required 

discharge at the required time. This control problem is divided into two steps in [4] and [5]: the off-line feedforward 

stage (planification stage) and the real-time feedback stage (operational stage). The first step is solved by means of a 

Feedforward Control Algorithm such as volume compensation algorithms [6] or more sophisticated from nonlinear 

optimization problem with constraints such as as PILOTE [7], LQR optimal control [8], predictive algorithms such 

as [9-11] “GoRoSo” in [4] and the second step could be solved by a feedback control algorithm such as “GoRoSoBo” 

[5].  

In this context, the study of the flow transients can be made by means of the complete Saint-Venant equations because 

they require much time to compute the simulations. But in the context of the Feedback Control that is used in real 

time, we have not enough time to know the flow prediction based on the complete Saint Venant model. To reduce the 

computational time for the obtaining of canal flow behavior, the linear model around of an unsteady state is proposed.  

The linear model around of an unsteady state is based on the HIM matrix which is able to estimate the influence of 

any disturbance introduced in the irrigation canal in its behavior, which is a useful to apply with a feedback control 

to operate canal gates in real time. 

METHODOLOGY: THE HYDRAULIC MODEL 

Free surface flow equations 

The equations of Barré de Saint-Venant (1871) describe the free-surface flow in prismatic canals and are the result of 

the application of the principles of mass conservation and of the quantity of movement in a controlled volume of 

short length in the direction of flow. A rigorous deduction of these equations for prismatic canals can be found in 

[12], resulting in: 

( )

( )

( )0
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,f
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(1) 

Where x and t are the independent space and time variables, y is the level of the free-surface from canal bottom, v is 

the average velocity of all particles of a cross section of the flow, A(y) is the area of wet section which depends on the 

depth, T(y) is the maximum width also dependent on the depth, S0 is the canal bottom slope, and finally, Sf (y, v) is 

the slope friction. These equations cannot be solved analytically, only numerically. Thus, a variety of numerical 

methods exist, which can be found, among others, in [13].  

Usually, equations (1) are expressed in the classical space and time (x/t) axes, but in case that we use the so called 

characteristic curves, these equations are represented in two curves or characteristics curves, expressed 

parametrically with x+(t) (downstream curve) and x-(t) (upstream curve) which locally satisfy the two following 

differential equations: 

𝑑𝑥+

𝑑𝑡
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 𝑐(𝑦) = √
𝑔𝐴(𝑦)

𝑇(𝑦)
 (2) 

The nice effect of the transformation of the method of characteristics is that the partial differential equations (1) 

become an ordinary differential equation system. The difficulty of the method lies in the fact that the equations (1) 

have to be solved along the characteristic curves or the local axes that are the solution of (2). As this last one is a set 

of non-linear equations, it obliges us to solve the four equations simultaneously. Fortunately, the curves x+(t) and x-
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(t) always intersect, although they are not orthogonal, and therefore assure hyperbolicity. The system (2) can be 

represented in the graph x/t as in Figure 1 where, at the point of intersection R, the four equations are satisfied and 

therefore the four unknowns x, t, y and v can be found theoretically. This way, if flow conditions at points P and Q 

are known, the position of point R can be found and integrated numerically, along with the flow conditions.  

 

Figure 1: The dependence domain of point R. 

The discretization of the characteristic equations 

As previously mentioned, the system (1) and the equivalent (2) have no known analytical solution, and therefore, the 

use of numerical techniques has, until present, been compulsory. In this paper we have preferred to use a specific 

discretization and make the appropriate mathematical developments based on the result of this discretization. In 

order to have the longest possible integration time period without loss of precision, we have adopted a discretization 

in finite differences of second order, called in [14] as "the method of characteristic curves" applying to a structured 

grid. 

In Figure 2, you can see how by placing the characteristic curves net (Figure 2 a)) on top of a structured net (Figure 

2 b)) a new scheme is obtained where the variables for points P and Q are interpolated at time step k (Figure 2 c)). In 

this way we can obtain the flow conditions for the fixed-point R at a time step k+1. 

 

Figure 2: The steps for the interpolation onto a structured grid. 

In any case, the irrigation canals are controlled by control structures which are built along the canal, see [15-17]. 

There are many flow control structures in canals which allow flow modeling according to the specification of the 
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watermaster. The individual study of each of these structures is impossible in this work and does not fall within its 

aims. However, we present as an example a commonly found structure. It is a checkpoint with a sluicegate, a lateral 

weir outlet and a pumping, as seen in Figure 3 (a-b). The interaction of this control structure with the flow can be 

described according to the principles of mass and energy conservation. These principles establish two mathematical 

relations between the flow conditions just upstream and downstream of the checkpoint: 

( ) ( ) ( ) ( ) ( )

( )

0(y ) 2

e
e e e b s e s s offtake e

offtake e d e

s s c e s

dy
S y A y v q q y A y v q y

dt

q C A gy

A y v k u y y d


= − − − − 


=

= − +   

(3) 

Where: S(ye) is the horizontal surface of the reception area in the checkpoint., A(ye)ve is the incoming flow to 

checkpoint, defined in terms of water depth and velocity., A(ys)vs is the outgoing flow to checkpoint which continues 

along the canal, described in terms of water depth and velocity, qb is the pumping offtake, which is predetermined, 

qs(ye)=Cs as (ye−y0)3/2 is the outgoing lateral flow via the weir where Cs is the discharge coefficient, as is the width of 

the lip and y0 is the height of the lip measured from the bottom, kc=√2g Cc ac where Cc is the discharge coefficient 

of the sluicegate and ac is the sluicegate width, qofftake is the outgoing offtake orifice flow where Cd is the discharge 

coefficient, A0 is the area of the offtake orifice, d is the checkpoint drop, u is the sluicegate opening.  

The presence of checkpoints, where water level sensors are deployed, in the middle of a canal leads to the sub-division 

of this canal into canal pools, in a way that there is a canal pool between two checkpoints, and there is a checkpoint 

between two pools. The checkpoints are located and dorsed in cotrol structures position, see Figure 3 (b). Therefore 

yn
k+1 represents the water level at node n in the section upstream of the control point at time k+1, that is to say, the 

incoming water level ye (Figure 3 b). 

  

Figure 3a: Diagram of a checkpoint with gate, lateral weir and pumping. Figure 3b: Graph with discretization of 

checkpoints 

If discretization is carried out with time and we rewrite the control structures (3), join them with the characteristics 

of (2) and then change the nomenclature considering a structured grid, we arrive at the following system of six 

equations:   

ye

y0

d

u ys

qb qs

A( ye ) ve

A( ys ) vs
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Where: Δt=tk+1−tP=tk+1−tQ, yP(xP)=s(xP, yn−2
k, yn−1

k, yn
k), yQ(xQ)=s(xQ, y1

k, y2
k, y3

k), vP(xP)=s(xP, vn−2
k, vn−1

k, vn
k), 

vQ(xQ)=s(xQ, v1
k, v2

k, v3
k), cn

k+1=c(yn
k+1), c1

k+1=c(y1
k+1), Sfn

k+1=Sf(yn
k+1,vn

k+1) and Sf1
k+1=Sf(y1

k+1,v1
k+1).  

Where the unknowns are xP, yn
k+1, vn

k+1, y1
k+1, v1

k+1 and xQ. In order to continue with the calculation of the influences 

of a general parameter φ, it is necessary to assume that this parameter defines the opening of the gate, this is u(φ). 

Therefore, applying once more the implicit function theorem to (4), with the assumption that yi−1
k, vi−1

k, yi
k, vi

k, yi+1
k, 

vi+1
k, yi+1

k+1 and vi+1
k+1 now depend on a general parameter φ, we can rebuild the equation systems (4) and obtain the 

next expression: 
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Where: 
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The control variable (φ) could be the gate trajectory or pump flow trajectory, that is, another operating variable 

according to [18-19]. In (5) for the first time, it appears the gate opening u(φ) explicitly in the description. These 

system (5) shows the influence of the parameter φ on flow conditions at time k+1 is: the sum of the indirect influence 

of the conditions at instant k, and the direct influence of the opening at instant k+1 through the term ∂u/∂φn
k+1.  

THE LINEAR HYDRAULIC MODEL FOR AN IRRIGATION CANAL 

If all the matrix files (4) of all the state variables (water level “y” and velocity “v”) of any j-gate trajectory (
𝜕𝑋

𝜕𝑈
) are 

organized and lumped together in a single matrix. The following Hydraulic Influence Matrix denoted by HIM X(U) 

is obtained which defines the behavior of the irrigation canal (y and v) in every section regarding control operation 

variables (u): 

𝑯𝑰𝑴𝑿(𝑼) = [
𝜕𝑿1

𝑘𝐹(𝑼)
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…
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(6) 

RESULTS: VERIFICATION OF THE LINEAR HYDRAULIC MODEL 

In order to show the accuracy of our Linear Model V.S. a model using the Saint Venant in their complete form, we 

will be evaluate the both model taking account a disturbance introduced in a canal on steady state. This test is done 

in an illustrative example. We can further illustrate the concept of the influence of a gate trajectory variable on the 

state vector. To do this, consider a numerical example based on a simulation carried out on a 5 Km long canal with 

two pools and three checkpoints, see Figure 4 and Table 1. Each pool is divided in 125 numerical cells and therefore 

there are 126 computational nodes and nS=nI+nII=126+126=252 (cross sections). In this manner, the state vector has 

504 components. The boundary conditions are steady, the upstream boundary conditions (checkpoint 0) is a constant 

water level H and the downstream boundary condition (outlet) is a particular discharge Q (checkpoint 2). In order to 

achieve this steady state-vector, the gate-position trajectory also has to be steady in the time period of simulation. 

The features of the canal are shown in the next tables: 
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Table 1: Canal features. 

Pool 

number 

Pool length 

(Km) 

Bottom 

slope (%) 

Side slopes 

(H:V) 

Manning’s coefficient 

(n) 

Bottom width 

(m) 

Canal Depth 

(m) 

I 2.5 0.1 1.5:1 0.025 5 2.5 

II 2.5 0.1 1.5:1 0.025 5 2.5 

Table 2: Sluice gates features (canal structures). 

Gate discharge coefficient Gate width (m) Gate height (m) Step (m) 

0.61 5.0 2.0 0.6 

0.61 5.0 2.0 0.6 

Table 3: Pump station/ orifice offtake features (canal structures). 

Number of control 

structure or checkpoint 

Discharge coef./ diameter orifice 

offtake (m) 

Orifice offtake height 

(m) 

Pump flow 

(m3/s) 

0* - - - 

1 2/0.85 0.8 - 

2 - - 5.0 

Table 4: Initial conditions in the canal. 

 

Control 

structure 

Initial Flow 

rate (m3/s) 

Control 

structure 

Initial water level upstream 

(m)/ offtake orifice outflow 

(m3/s) 

Control 

structure 

Pump flow 

discharge 

(m3/s) 

Gate 0 10.0 Checkpoint 1 2.0/5.0 Checkpoint 2 5.0 

In these examples are considered an upstream large reservoir, whose water level Hreservoir is 3 m constant throughout 

the test. At the middle of the canal (end of the pool 1), there is a control structure (checkpoint 1) with a gate and an 

orifice offtake (7), see Table 2 and 3, which discharge 5 m3/s.  

0 02 (y y )offtake dq C A g= −
 

 (7) 

Where Cd is the discharge coefficient for an offtake orifice, A0 is the area of the offtake orifice where y is the water 

level in canal at offtake, y0 is the orifice offtake height. At the end of the last pool, there is a control structure with a 

pump station, which discharge 5 m3/s. The flow through the orifice depends on the level over the orifice and the 

disturbance. This example starts from an initial steady state (Table 4) with a specific demand delivery constant at the 

checkpoint 1 (5m3/s through the orifice offtake), and a constant discharge of 5 m3/s by the pump station at checkpoint 

2. The disturbance is not introduced initially.  
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Figure 4: Sketch of the numerical example based on canal with two pools and two checkpoints. It is shown the 

water depth profile with H as the upstream water level and Q as the downstream discharge. 

At checkpoint 0 and 1, there is a gate, which is operated according to the watermaster from initial contions, see Table 

2 and 4. The error among both models (linear hydraulic model VS Saint Venant in complete form) is estimated from 

absolute error and maximum relative error. 

Absolute error or I1 (cm)  Maximum relative error or I2 (%)  

( )pi iMax y y−
 

 (8) 1 100)
pi in

i

i

y y
Max

y


 − 
    

    

(9) 

Where ypi is the water level obtained by the linear model at the instant i at a checkpoint, yi is the water level obtained 

by the Saint Venant complete form at the instant i at a checkpoint, n is number of time step, the value of time step is 

300 seconds for the test over 4 hours. 

These indexs (I1 and I2) give us an idea how far the linear solution is to the Saint Venant in their complete form. The 

way to set the gate-movement it is from, a maximum flow disturbance assumed for the system on a context of a 

feedback control (Table 5). In other words, the criteria is the maximum perturbation admitted working in real time. 

For that reason, it would be useful show the initial and the perturbed discharge under the sluice gate number two. 

2 ( )dQ C BA g H= 
  

(10) 

Where, Q is the flow discharge sluice gate, Cd is the discharge coefficient for a gate, B is the width-gate, A is the gate 

opening, and ΔH is the height difference between the headwater depth and the tailwater depth. 

The flow discharge by the gate 1 (checkpoint 1) is 5 m3/s in a steady state, and the flow discharge introducing by a 

gate movement of 10% over the gate height is 8.57 m3/s. In other words, this gate movement involve an incremental 

discharge more than 70 %. For that reason, introduce a gate-movement higher 10% is not the target of this paper, 

due to the fact that the HIM simulated lineal model is used in real time, and this sort of disturbance is quite difficult 

to manage in real time, just by feedforward controls. As a conclusion, the gate movement disturbance would be 

established between 10% and 0.5%. 

In that test is performed four cases, nevertheless the position of the disturbance in time is always the same (the range 

step from 300s to 600s). The differences between cases depends on the value of the disturbance. 



Journal of Information Systems Engineering and Management 
2025, 10(43s) 

e-ISSN: 2468-4376 

  

https://www.jisem-journal.com/ Research Article  

 

947 

Copyright © 2024 by Author/s and Licensed by JISEM. This is an open access article distributed under the Creative Commons Attribution 

License which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Table 5: Disturbance value set in the cases 

 Case1 Case2 Case3 Case4 

ΔU2(2) 25 cm (10%) 12.5 cm (5%) 2.5 cm (1%) 1.25cm (0.5%) 

Table 6: Index error between Linear Hydraulic Model and the Saint-Venant in their complete form 

 
I1 (cm) I2 (%) 

Checkpoint 0 Checkpoint 1 Checkpoint 0 Checkpoint 1 

Case 1 4,1 6,8 0,17 0,65 

Case 2 0,9 3,5 0,03 0,33 

Case 3 0,1 0,7 0 0,06 

Case 4 0 0,4 0 0,03 

The results obtained in the four cases are shown in Table 6, we can see that the error of the first index is only 

important in case 1 which the disturbance is 70% over the flow canal, and the values for second index are not such 

important. To remark, the HIM (linear model) is a great model to know the flow behaviour in real time, where the 

flow disturbance are little and you need to know the simulated flow state quickly and accurate. 

CONCLUSIONS 

The procedure showed in this paper is summarized in the following: starting from the Saint-Venant model and the 

checkpoint equations, a set of numerical equations has been established by the method of characteristics. Taking the 

resulting system of algebraic equations as a base and using the implicit function theorem, the procedure obtains the 

derivatives of the flow conditions respect to the gate-parameters and all of them are joined into the HIM. 

The HIM can be used as a linealization of the Saint-Venant model to build a linear hydraulic model in the context of 

real-time optimal control to reduce the computation time, in order to known the canal flow behavior. As result, due 

to the little difference of the simulated free surface between both models considering low disturbances. We reach at 

the conclusion that the linear model can be used as predictive model of the canal state in real time. In conclusion, for 

gate movement disturbances ranging between 10% and 0.5% equivalent to a maximum incremental discharge of over 

70% the linear model demonstrates an acceptable error margin for application as a real-time control model. 
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